Affine Lie Algebras,

Vertex Operator Algebras,

and Multisum | dentities
Technical Slides

William J. Cook
Rutgers University
Department of Mathematics
New Brunswick, NJ
w cook@rat h. rut gers. edu

joint work with
Kailash Misraand Haisheng L.

Technical Sides—p.1/3:



Outline

* highest-weight integrable modules for affine Lie
algebras and their VOA-modul e structure

* VOA-module isomorphisms and recurrence
relations

» acharacter formulafor L(Ay)
e principa characters and multisum identities
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Notation:
* Let g beasmpleLieagebra(over C) of rank /.
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Notation:

_et g beasimple Lie algebra (over C) of rank /.
et C' = (aij)1<ij<¢ bethe Cartan matrix of g.
-IX aset of simpleroots. Define the root lattice to

ne the Z-span of these roots:

Q) = Zoq + Zog + ... + Zay.
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Notation:

_et g beasimple Lie algebra (over C) of rank /.
et C' = (aij)1<ij<¢ bethe Cartan matrix of g.
-IX aset of simpleroots. Define the root lattice to

ne the Z-span of these roots:
Q) = Zoq + Zog + ... + Zay.

Define the weight lattice to be the Z-span of the
fundamental weights:

P =7\ + ZXy+ ... + LAy
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Notation:
« Fix Chevalley generators{ F;, F;, H; |1 <1 < (}.
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« The H; (1 <1 < /) span a Cartan subalgebra
(CSA) denoted by h. (Note: dim(h) = £.)
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Notation:
 Fix Chevalley generators{ F;, F;, H; |1 < i < /}.

« The H; (1 <1 < /) span a Cartan subalgebra
(CSA) denoted by h. (Note: dim(h) = £.)

e Let (-,-) : g x g — C bethe normalized
nondegenerate symmetric invariant bilinear form.
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Notation:
 Fix Chevalley generators{ F;, F;, H; |1 < i < /}.

« The H; (1 <1 < /) span a Cartan subalgebra
(CSA) denoted by h. (Note: dim(h) = £.)

e Let (-,-) : g x g — C bethe normalized
nondegenerate symmetric invariant bilinear form.

« \We have the root space decomposition

g=hoPa.

acEA

where A I1sthe set of roots.
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Notation:

« By definition, { Hy, ..., Hy} and {\q, ..., \;} are
dual bases (i.e. \;(H;) = 9; ).
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Notation:

« By definition, { Hy, ..., Hy} and {\q, ..., \;} are
dual bases (i.e. \;(H;) = 9; ).

* Define the fundamental coweights,
(W ... HY} C b, to bethe basis dual to
{041, 500 Oég}.
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Notation:

« By definition, { Hy, ..., Hy} and {\q, ..., \;} are
dual bases (i.e. \;(H;) = 9; ).

* Define the fundamental coweights,
(W ... HY} C b, to bethe basis dual to
{041, 500 Oég}.
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Notation:

« By definition, { Hy, ..., Hy} and {\q, ..., \;} are
dual bases (i.e. \;(H;) = 9; ).

* Define the fundamental coweights,
(W ... HY} C b, to bethe basis dual to
{041, 500 Oég}.

» Define the coroot |attice:

Q' =7ZH,+7ZH>+ ... + ZH,.
« Define the coweight lattice:

PV =7HY + 7@ + 4+ 7H®O,
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Notation:

/
e Letp' =Y HY,
=1

(4
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Notation:

/
e Letp' =Y HY,
=1

(4

» Wehavethat (H;, HY)) = .
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Notation:

/
e Letp' =Y HY,
=1

[/

« We havethat (H;, HV)) = 2

(i) "

« The coroots and coweights are related as follows:

14
Hj = Z ai]-H(Z)
1=1

where C' = (a;;) isthe Cartan matrix of g.

Technical Sides— p.6/3:



The Affinization of g

Define g asfollows:

g=gC[t,t ] ®Cec
where c Is central and
[a @t bR1t"] = [a,b] @t + m{a, b)dminoC

for every a,b € gand m,n € Z.

Extend themap d = 1 ® < to al of g by letting

d(c) = 0. Let g = g x Cd be the semi-direct product
Lie algebra

g Isthe (untwisted) affine Lie algebra associated with
d.
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Chevalley Generatorsfor g

(
e Letd = > a;a; bethe highest (long) root of g.
=

Technical Sides— p.8/3:



Chevalley Generatorsfor g

(
e Letd = > a;a; bethe highest (long) root of g.
=1

(4

« Let £y and Iy be elements of the root spaces gy
and g_ respectively such that (Fy, Fy) = 1. Set
H@ _— [E@, F@].
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Chevalley Generatorsfor g

(
e Letd = > a;a; bethe highest (long) root of g.
=1

(4

« Let £y and Iy be elements of the root spaces gy
and g_ respectively such that (Fy, Fy) = 1. Set
H@ _— [E@, F@].

¢ Letez:EZ®1,fZ:E®1,anth:HZ®1for
1 < <V

e Leteg=Fy®t, fo=Ey @t and hy = [e, fol-
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Chevalley Generatorsfor g

(
e Letd = > a;a; bethe highest (long) root of g.
=1

(4

« Let £y and Iy be elements of the root spaces gy
and g_ respectively such that (Fy, Fy) = 1. Set
H@ _— [E@, F@].

¢ Letez:EZ®1,fZ:E®1,anth:HZ®1for
1 < <V

e Leteg=Fy®t, fo=Ey @t and hy = [e, fol-

Then, {e;, fi, h; |0 < i < £} are Chevalley generators
for g. Also, h = h @ Ce @ Cd isour CSA.
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The Homogeneous Gradation
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The Homogeneous Gradation

Thus we have the following decomposition of g:

. T - . Jg®Cc n=0

g= H9<n> where  g,) = { a0 0
nes

We have the following graded subalgebras of g:

g1 = H@(in) = Hg Rt

n>0 n>0

A A

g(<0) = | | 8n) = 8(-) ® 8(0) = 9-) D g & Cc.
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ThePrincipal Gradation

The second gradation we shall consider isthe
principal gradation.

The principal gradation Is given by the derivation dp
which we define on the Chevalley generators of g and
extend using the Letbnitz rule. For 0 < </, let

° dP(ez') — €4,
* dp(fi) = —fi, and
¢ dp(hz) = (.
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ThePrincipal Gradation

The second gradation we shall consider isthe
principal gradation.

The principal gradation Is given by the derivation dp
which we define on the Chevalley generators of g and
extend using the Letbnitz rule. For 0 < </, let

° dP(ez') — €4,
* dp(fi) = —fi, and
¢ dp(hz) = (.

Lemma: On g,
dp = (ht(0) + 1)d + ad(p")
where 6 isthe highest long root of g.
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Fromgtog
Given \ € h* and k € C, wecan define alinear
functional (k, \) € b* by the following:
« Foral h e, let(k,\)(h) = Ah).
* OnCec, let (k,\)(c) = k.
« OnCd, let (k,\)(d) = 0.
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Fromgtog
Given \ € h* and k € C, wecan define alinear
functional (k, \) € b* by the following:
« Foral h e, let(k,\)(h) = Ah).
* OnCec, let (k,\)(c) = k.
« OnCd, let (k, \)(d) = 0.

Recall that \; (1 < ¢ < /) arethe fundamental weights
of g. For convenience, let \j = 0. Then, define

Ao=(1,X) =(1,0), Ay = (1, A1), ..., Ao = (1, N\p)
arethe fundamental weightsfor g.
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TheVermaModule V' (k, \)

Fix acomplex number £ € C and let U be the
Irreducible finite dimensional g-module with
highest-weight A € P.. Extend the g-module, U, to a
g(<0)-module U}, asfollows:
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TheVermaModule V' (k, \)

Fix acomplex number £ € C and let U bethe
Irreducible finite dimensional g-module with
highest-weight A € P.. Extend the g-module, U, to a

g(<0)-module U;, asfollows:
* Let U, = U (asaC-vector space).

* Let g acttrivialy on Uj.
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TheVermaModule V' (k, \)

Fix acomplex number £ € C and let U bet
Irreducible finite dimensional g-module wit
highest-weight A € P,. Extend the g-modu
g(<0)-module U}, asfollows:

* Let U, = U (asaC-vector space).
* Let g acttrivialy on Uj.

ne
1

e U,toa

°* Letcactasthescalar k1y (i.e. ¢c-u = kuforal u € U).
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TheVermaModule V (k, \)

Fix acomplex number £ € C and let U bethe
Irreducible finite dimensional g-module with
highest-weight A € P.. Extend the g-module, U, to a

g(<0)-module U;, asfollows:
* Let U, = U (asaC-vector space).

* Let g acttrivialy on Uj.
°* Letcactasthescalar k1y (i.e. ¢c-u = kuforal u € U).

Define the Verma module (of level £ and
highest-weight (k, \)) asfollows:

V(k,A) = U(8) ®u (g0 Uk
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The Simple VOA L(kAy)

Theorem: Supposethat £ £ —h" the dual Coxeter
number. Then,

» V(kAy) = V(k,0) isavertex operator algebra,
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The Simple VOA L(kAy)

Theorem: Suppose that £ £ —h" the dual Coxeter
number. Then,

» V(kAy) = V(k,0) isavertex operator algebra,

« N (the maximal proper submodule) isan ideal of
V(]CA()), and

o L(kAy) (= V(kAy)/N )isasmple vertex
operator algebra.
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The Simple VOA L(kAy)

Theorem: Suppose that £ £ —h" the dual Coxeter
number. Then,
« V(kAy) = V(k,0) isavertex operator algebra,

« N (the maximal proper submodule) isan ideal of
V(]CA()), and

o L(kAy) (= V(kAy)/N )isasmple vertex
operator algebra.

Theorem: If £ 4 —hY and A € Py, then L(k, \)
(= V(k, N)/(maximal submodule) isan irreducible
V (kAgy)-module.
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LiI’s Theorem
For all that follows, let k € Z-,.
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L1’'s Theorem
For all that follows, let k € Z-,.

Let H € PV. Define

A(H,z) = zexp (Z ?]];( x)k) .

k=1
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L1’'s Theorem
For all that follows, let k € Z-,.

Let H € PV. Define

A(H,z) = zexp (Z ?]];( a:')k) .

k=1

Theorem [Li]: If L(k, \) isanirreducible
L(kAg)-moduleand H € @V, then
(L(kv >‘)7 Y('? ZC))
IS isomorphic to
(L(k,A\),Y(A(H,z)-,x))
asan L(kAy)-module,
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The Automorphism’s Effect
Notation: For v € L(kAy), let

Y(v,2) = Z v(m)x~ ™,

meZ,

Y(A(H,z)v,x) = Z U(H)(m)x_m_l

meZ

and

Y(A(H, z)w,x) =Y  Lgp(m)z ",

meZ,
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The Automorphism’s Effect

Lemma For1 <, 4 </,

(HY)11,,(0) = HY(0) A o M%k
Liiy(0) = L(0) + Hy(0) - <a,2&>6wk
/
— L(0)+ZaﬁH<J)(o) | <a'2&>5wk
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Characters

Definition: Let L(k, \) bean irreducible
L(kAy)-module.

The (full) character of L(k, \) isgiven by

HY0) H®(0 H® (0
U (k0T ( ):1:'2 ( )...Qlj‘g ( )qL(O).
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TheMain Theorem

Main Theorem: If L(k, \) isanirreducible
L(kAg)-module, then for each 1 < i < ¢ we have that

XL(kaA) (5131, ZC27 ceey Ly, q> —

2k )
(2iq) @2 X o) (X19™, 2™, ..., 20q" 5 q).
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Recurrence Relations

Notation: Let
1 — (721,712, ...,ng) S Zg

and

| niy N9 Ty
X =T Ty ...T, .

Technical Sides— p.19/3:



Recurrence Relations

Notation: Let
1 — (nl,ng, ...,ng) c Zﬁ

and

n _ ny . no Ny
X =Xy,

Define coefficients A(n; q) € ¢ *C||q|| asfollows:
XL(k\) (5131, L2y ooy Ly Q) — Z A(ﬂ, Q)Xn
neZt

Note: L(0) = —d + u for some o € C.
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Recurrence Relations

Corollary: For 1 < i < ¢and (nq, ...,ng) € Zt,

A(nh ey Tg, Q) —

2k

A(nla-“ani—lani_< . .>,ni+1,...,ng;q)q T
() 1

+Z; 1 4jimj
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A Special Case

Let us specializetolevel k = 1 and g of (ADFE)-type
(ssimply laced). Then (a;, ;) =2 foral 1 < < /.
So we have the following recurrence relations:

For1 <i < /{and (nq,ny,...,ng) € Z°,

A(nla ceey 100, Q) —

A 1 c Ny — 1+ Bin
(n17'°°7ni—17ni_ 7n’i—|—17'“7n€7Q)q =
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A Sum Formula

Using the lattice construction of L(A) = Vo we £nd
that

A(0,...,0;q) = dim,S(h®t'C[t™'])

O

= JJa-d)"

j=1
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A Sum Formula

Using the lattice construction of L(A) = Vo we £nd
that

A(0,...,0;q) = dim,S(h®t'C[t™'])

O

= JJa-d)"

J=1

Theorem: Let g be asimple Lie algebra of
(ADE)-type.

O

1_q Ezq—nCn

J=1 neZt
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Characters

Recall that (ht(#) = height of the highest long root)

dp = (ht(6
— (ht(6

)
)

- 1)d + ad(p")

- 1)(=L(0) + p) + ad(p”)
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Characters
Recall that (ht(#) = height of the highest long root)
dp = (ht(0)+ 1)d + ad(p”)
= (ht(0) + 1)(—=L(0) + p) + ad(p”)

Definition: Let L(k, A\) bean irreducible
L(kAg)-module.

The principal character of L(k, \) isgiven by

Xf(k,)\)(Q) = trrgng
—(ht(0)+1)u —1 —1 ht(9)+1).

= q XLoen(@ @ 5 q

Technical Sides— p.23/3:



ThePrincipal Character

Corollary: Let g beof (ADFE)-type (i.e. smply laced)
and k£ = 1. Then,

X]LD(AO) (9) =

j=1 neZt
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ThePrincipal Character

Corollary: Let g beof (ADFE)-type (i.e. smply laced)
and k£ = 1. Then,

X]LD(AO)(Q) —
1\ — DO Ot - n;
TT(1 - gy 37 4 o
721 nezt

Thus we have obtained a multisum formulafor the
principal character. Now using the previously known
formulas, we obtain families of multisum identities...
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Type Ay
Theorem: If C = (a;;) isthe Cartan matrix of type A, (¢ > 1),

(1___qUHJ_ (¢+1)

11 (1 — ¢7) =) g i,

Jj=1 neZt
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Example: Type A;

Example: For type Aandrank / =1, C' = (2). Sowe
have,

1-¢7)7 < 202
jl:ll (1—¢) =2

Thisisawell known formula credited to Gauss.
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Example: Type A,

Example: For type A and rank ¢ = 2,

cz(flj).

H (1 B qgj-)g _ Z qS(n%—nszrn%)—("lJrnZ).

o I=¢)

So we have,

Nn1,NoEL
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Type Dy

Theorem: If C = (a;;) isthe Cartan matrix of type D, (¢ > 4),

(1_q2(€—1)j)€
H]Zl (1—q2j—1)(1—q(£—1)(2j—1))

¢

Zneze q(f—l)nCnt—Zizl ni
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Example: Type D,

Example: For type D and rank ¢ = 4,

[ 2
—1

0

—1
2
—1

0

0

—1 -1

2

\ 0 -1 0

0
2/
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Example: Type D,

Example: For type D and rank ¢ = 4,
So we have,

H (1—q¢%)
o (L= )1 = g=9)

E : q6(n%+n%+n§+nﬁ—n1n2 —Nonz—naNg)—(n1+ns+n3+ny)
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Type L

Theorem: If C = (a;;) isthe Cartan matrix of type Es, then

o(g")° 1] (1—¢)"
j==41,44,45 (mod12)

E : q6nC&ﬁ—§:iﬂ7%

ncZ5

where p(q) = [[.-,(1 — ¢’) isthe Euler product function.
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Type L£-

Theorem: If C = (a;;) isthe Cartan matrix of type £, then

0(g"®)" 1] (1-¢)"
j=+1,45,47,9 (mod18)

E : q9nC&ﬁ—§:;ﬂ7%

nez’

where p(q) = [[.-,(1 — ¢’) isthe Euler product function.
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Type £y

Theorem: If C = (a;;) isthe Cartan matrix of type Ex, then

o(g®)° 1] (1-¢)"
j=41,47,411,+13 (mod30)

E :q15n0nt—z,§:1ni

ncZ8

where p(q) = [[.-,(1 — ¢’) isthe Euler product function.
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