THE DEDUCTION THEOREM

’THEOREM: Let H be a set of propositions (hypotheses). If A and B are propositions, then
HFp A— Bif and only if H, A+, B. In particular, A+, B, if and only if -, A — B.

Proof: One direction of this result is easy. Suppose that Bj,..., B, is a proof of H -, A — B
where B,, = A — B. Then the B’s are still valid steps if we have the hypotheses H plus A. So we
have that By,...,B, = A — B, B,,1 = A, B,,2 = B is a proof of H, A - B where the last two
steps are justified because A is a hypothesis and B is the result of applying Modus Ponens to the
previous two steps.

Now for the more difficult direction. Suppose By, ..., B, (where B, = B) is a proof of H, A |
B. Also, we assume that this proof does not use any lemmas (calling on a lemma is merely an
abbreviation, so this proof is completely unabbreviated). The proof below provides an algorithm
for translating proofs relying on the deduction theorem to (longer) proofs avoiding the use of this
theorem. First, we define three procedures:

Translation Procedure #1: For some step B,,, suppose that B,, is a member of H or an axiom.
After removing the hypothesis A, we still have all of the hypotheses in H. So whether B,,
belongs to H or it is an axiom, B, is still allowed as a step in our (new) proof. So we replace
B, in the old proof with C} = B,,, Cy = (B, =& (A — By,)), C3 = (A — B,,) (briefly
justified by Hypothesis/Axiom, Axiom #1, Modus Ponens).

Translation Procedure #2: Suppose B,, = A. Then A — B,, is the same as A — A (i.e.,
Lemma #1). Thus we replace B,, by pasting in a proof of Lemma 1: ¢} = A — ((4A —
A) - A),Cb=A—=(A—-A4) —-A)) - (A A—-A)>(A—-A4),C=(A—(A—
A) - (A—=A),Cy=A— (A— A),C; = A — A (briefly justified by Axiom #1, Axiom
#2, Modus Ponens, Axiom #1, Modus Ponens).

Translation Procedure #3: Suppose B,, is the result of applying Modus Ponens to previous
steps, say By and B, (where k,¢ < m) and By is an implication of the form By — B,, (so
Modus Ponens can conclude B,,). Also, assume that we have previously proven A — By and
A— By =A — (By = By). Then B, in our old proof is replaced by C} = (A — (Br —
B,)) = (A = By) — (A — B,,)) (this is Axiom #2), Cy = (A — By) — (A — B,,)
(this comes from Modus Ponens applied to C} and A — (By — B,,) = A — By (which was
previously proven), C3 = A — B,, (again Modus Ponens is applied to Cy and the previously
proven A — By).

We now proceed to translate our old proof of H, A - B to a proof of H F;, A — B. The first
step B; (of our old proof) must be either a hypothesis or an axiom. So Bj is either something from
H, A itself, or an axiom. Thus we apply either translation procedure #1 or #2 and now have a
proof of A — Bj using only hypotheses in H (i.e., HF, A — By).

Next, assume we have translated/expanded steps Bji, Ba, ..., B,_1. So we have proof(s) of
H bt A — By for k =1,2,...,m — 1. Consider B,,. FEither B,, is a hypothesis, axiom, or
the result of an application of Modus Ponens (we have unabbreviated all lemmas, so this kind
of step doesn’t show up). If B,, is a hypothesis (i.e., either a member of H or A) or an axiom,
we can apply either translation procedure #1 or #2. Alternatively, if B,, is the result of Modus
Ponens, we are in the context of translation procedure #3 (we’ve previously proven A — By and
A — By =A — (By — B,,), so we apply this translation procedure and by tacking these steps onto
the end of our proofs of Ht;, A — By for k=1,2,...,m — 1, we get a proof of H+; A — B,,.

Once we have applied this procedure going from B; to B, our final conclusion is A — B, =
A — B. Thus we get a proof of H+-p A — B. 1



Let’s prove Lemma 6 using the deduction theorem and then apply our translation procedures
to remove the use of the theorem.

[LEMMA 6:|A— (B—C),Br, A—C
Proof: First, we prove A — (B — C),B, Al C.

1. A-(B—C) Hypothesis
2. B Hypothesis
3. A Hypothesis
4. B—C M.P. #1 and #3
5. C M.P. #4 and #2

Therefore, since we have proven A — (B — (), B, A k1, C, by the deduction theorem we also
have A—» (B—C),BF A—-CR

Now let’s use our translation procedures to get (a much longer) proof of Lemma 6 without calling
on the deduction theorem.

Proof:
. A= (B—C) Hypothesis
I, A= (B—=0C)—= (A= (A= (B—=0)) Axiom #1 with A:= A — (B— () and B:= A
3. A-(A—(B—(0)) M.P. #1, and #14
2,. B Hypothesis
2. B— (A— B) Axiom #1 with A:= Band B:= A
2;. A— B Modus Ponens #25 and #2;
31. A= (A= A) = A) Axiom #1 with A:= A and B:= A
3. A= (A= A)— A) Axiom #2 with A:=Aand B:=A— A
- (A= (A= A4) = (A= A4) and C:= A
33. A—=A—=A4)—> (A=A M.P. #35 and #3,
3;. A= (A— A Axiom #1 with A:= Aand B:= A
35. A— A M.P. #33 and #3,4
4. A (A—-(B—C0)) Axiom #2 with A:= A and B:= A
- (A= A) = (A— (B—0)) and C':=B = C
4. (A= A)— (A= (B—0)) M.P. #4, and #1;
4. A— (B—C) M.P. #4, and #3;
5. A= (B—-C)— (A= B)—=(A—0)) Axiom #2 with A:= Aand B:= B and C :=C
5. (A— B)— (A—C) M.P. #5, and #4;
53. A—=C M.P. #5, and #2;

Summing up, we can always translate proofs using the deduction theorem to proofs that avoid
its usage. This is still true if we use several instances of the deduction theorem to turn nested
implications into multiple hypotheses. But each usage of the deduction theorem would require
a new run through our translation theorem. Notice that the translation procedure increases the
proof’s length by a factor of 3 (plus 2 more lines if lemma #1’s proof is pasted in since it’'s 5 = 3+2
lines long). Thus if we called on the deduction theorem twice and our resulting proof was 4 lines
long, the proof only calling on it once would likely be 4 x 3 + 2 = 14 lines long and then the proof
not calling it at all would likely be 14 x 3 + 2 = 44 lines long! Yikes!!



