Math 2130 Quadratic Approximations Supplement

We are already familiar with linear approximations of multivariable functions. These essentially amount
to equations of tangent planes. We also know these linear approximations by the name “differentials”. The
next natural step is to consider higher order approximations. We will study what these look like and in
particular focus on second order approximations — that is — quadratic approximations.

Single Variable:

First, let’s quickly review single variable theory. A linear approximation of a function f(z) at © = a is
given by L(z) = f(a)+ f'(a) - (x —a). This linear approximation is the line which best approximates f(x) at
2 = a in the sense that f(x) and L(x) both pass through the point (a, f(a)) and both have the same slope
at ¢ = a: f'(a) = L'(a). Another way to state this is: L(z) is the first order Taylor polynomial of f(x) at
2 = a. Recall from calculus II (or I) that the second order Taylor polynomial for f(z) at x = a is...

f"(a
Q) = f(a) + (@) @ —a) + T —a)?

This is the best quadratic approximation of f(z) in the sense that Q(z) is a quadratic polynomial,
fla) = Q(a), f'(a) = Q'(a), and f"(a) = Q"(a). Finally, recall that the n*"-order Taylor polynomial of f(x)
at x = a is given by...

f"(a)

n!

11 "
Pu(e) = fa) + (@) e a)+ T oy ¢ T gy
This is the best n*P-order polynomial approximation of f(x) in sense that P,(x) is an n‘"-order polyno-

mial, f(a) = Pa(a), f'(a) = P}(a), ..., and f()(a) = P{")(a).

(z—a)"

Multivariable Linear Approximations:
Our approximations and Taylor polynomials for multivariable functions will be best approximations in the
same way our single variable approximations were best — our approximations will have a matching function

value and matching partial derivatives at the base point. For a function of two variables f(z,y) at the point
(z,y) = (a,b) this looks like. ..

L(z,y) = f(a,b) + fo(a,b) - (z — a) + fy(a,b) - (y — b)
In three variables we have. ..

L(z,y,2) = f(a,b,¢) + fula,b,¢) - (x = a) + fy(a,b,¢) - (y = b) + f2(a,b,¢) - (2 = ¢)

And finally in n variables the linearization of f(x1,...,x,) at (x1,...,2,) = (a1,...,a,) is...

L(zy,...,zn) = fla1,. .. an)+fo, (a1, ..., an)(x1—a1)+ fr, (a1, ... an) (xa—a2)+ -+ fr, (a1, ... an) (Tn—an)

By introducing the gradient we can state this much more concisely. The gradient of a function f(z1,...,z,) =
f(Z) is a vector whose entries consist of the first partials of f: V(&) = (fo, (D), fur (&), ..., [z, (X))
of of 0
In particular, for f(z,y,z) we have Vf = <8f7 a—f, 8f> Using this notation the linearization of f(Z) at
x’ Oy’ Oz

L(Z) = f(@) + V(@) e« (Z - @)

where the dot between V f(d) and Z — @ is the familiar dot product.
These linearizations are first order Taylor polynomials for multivariable functions. Next, we consider
quadratic approximations (second order Taylor polynomials).

=dis...

8

Example: Let’s find the linearization of f(x,y) = 2%y + 23y? + 3 at (2,y) = (—1,1).

We need to compute the first partials of f. f,(z,y) = 2zy+ 32%y* and fy(z,y) = 2% + 223y + 3y*. Next,
we need to compute the value of f and its partials at the point (—1,1) this yields f(—1,1) = (=1)%(1) +
(—1P(12) 415 = 1, fo(—1,1) = 2(—1)(1) + 3(—1)2(12) = 1, and f,(—1,1) = (1) + 2(~1)*(1) + 3(1%) = 2.
Thus the linearization of f(x,y) at (=1,1) is L(z,y) =14+1-(z — (-1))+2- (y — 1).
Answer: L(z,y) =14+ (z+ 1)+ 2(y — 1) which is L(z,y) = = + 2y.

This means that the plane tangent to the surface z = 2%y +23y? +y3 at (2,9,2) = (—1,1,1) is z = 2+ 2y.



Example: Let’s find the lincarization of f(z,y,2) = zsin(y) + €¥*" + zyz at (z,y,2z) = (3,0, —2).

We need to compute the first partials of f. fo(z,y,2) = sin(y) + yz, fy(z,y,2) = zcos(y) + 22e9%" + 12,
and f,(z,y,2) = 22yey'22 + zy. Next, we need to compute the value of f and its partials at the point
(3,0, —2) this yields (3,0, —2) = 3sin(0) + ®(=2" 4+ 3(0)(—2) = € = 1, f,(3,0,—2) = sin(0) + 0(—2) = 0,
£(3,0,—2) = 3¢os(0)+(—2)2e02° 4:3(=2) = 3+44e°—6 = 1, and f.(3,0, —2) = 2(—2)(0)e’~2° +-3(0) = 0.
Thus the linearization of f(x,y) at (3,0,—2) is L(z,y,2) =1+0-(x —3)+1-(y—0)+0- (2 — (-2)).
Answer: L(z,y,z) =1+y.

Notice that V f = (fa, fy, f-) = (sin(y) + yz, z cos(y) + 2269 4 32, 22yev? + xy) so that Vf(3,0,-2) =
(0,1,0). Thus another way to write the linearization is L(z,y,z) = 1+ (0,1,0) e (x — 3,y — 0,z — (—2)).
Multivariable Quadratic Approximations:

A second order Taylor polynomial should match our function’s value, its first partials, and its second
partials. For a function of two variables f(z,y) at the point (z,y) = (a,b) this looks like. ..

Qz,y) = fla,b) + fu(a,b)- (x—a)+ fy(a,b)-(y—b)+
S Feal0,6) (2 = 3 fry(0,) - (0 = @)y = ) + 3 fue(@,) - (2 = a)y = B) 5 i (a.D) - (3 — B)?

Under the (mild) assumption of continuous second paritals, Clairaut’s theorem applies and mixed partials
are equal. In this case we have. ..

Q(w,y) = f(avb) + f:v(a7b) ’ (l‘ - a) + fy<a=b) : (y - b) +
1 1
S Feal@B) (&= ) + fuya0) - (& — a)y —B) + 5 FyylaB) - (g~ )
In three variables this looks like (after suppressing the point of evaluation). ..

Qz,y,2) = f+fw-(w—a>+fy-(y—b)+fz-(z—c>+%fm-(x—a>2+%fyy-(y—b>2+%f%-<z—c)2+

o @ =)0+ Sy (0= @)y = 0) S fee (- a)(z ) S fer (- )z ) +
1

i (=) =) 3Ly (y = b))

The formula for a quadratic approximation of a 3 variable function is bad enough. The n variable expres-
sion will be an even bigger mess unless we resort to matrix notation. If you are unfamiliar with matrix
multiplication, please read on, but don’t worry about the details.

Consider a function of n variables: f(Z). Let’s define an n x n matrix whose (i, j)-entry is fz,,;. This

matrix is called the Hessian matrix of f. Here are the Hessians for h(z,y), g(x,y, 2) and f(Z) = f(x1,...,2Zn):
Jorer  Jrize 0 faorws
Grx  YGzy YGuz f f. R
h h wom1  Jwaws ToTy,
Hn = {hrz hzy] Hy=19y2 9yy 92 Hy=| . . :
Y vy 9zx  YGzy Yzz

fwn:rl f:vnxz f:vnﬂen

If # = (z1,72,...,7,), TL is the transpose of ¥ (transpose basically means “turn rows into columns”),
and Hy is the Hessian matrix for f, then we can restate the quadratic approximation of f(Z) at ¥ = @ as
follows: 1
Q) Zf(@')+Vf(5)°(f—5)+§(f—5)Hf(f—5)T

where the last term is computed using matrix multiplication.

One quick note about the Hessian. Remember Clairaut’s theorem says that if our second partials are
continuous, then the mixed partials fm]. and ij:ci are equal. This means that in the first matrix hyy = hya,
in the second matrix g,y = gyz, gy> = gzy, and goz = G.o, and in the last matrix fi ., = fo,2, for all i’s
and j’s. Matrices with this property are called symmetric. Another way to put this is: If f has continuous
second partials, then H; = Hf (remember transpose means turn row ¢ in column ¢) so in other words the
i*h row of H; has the same entries as the i*® column of H;.

Beyond giving us a nice way to write quadratic approximations of multivariable functions, the Hessian
matrix helps when we need to determine extremal behavior. Recall that an extreme point (a minimum or
maximum) for a function of one variable must occur at a point where the derivative is either zero or does



not exist. Functions of more than one variable work the same way. Extreme points can only occur at points
where (all of) the first partials are zero or do not exist.

In Calculus I we learned the “second derivative test” which told us that a critial point with negative
second derivative (concave down) is a maximum and a critical point with a positive second derivative (concave
up) is a minimum. We will soon learn a “second dervative test” for functions of two variables, which relies
on the following general result: If all of the eigenvalues of the Hessian matrix are negative at a critical point,
then that point is a maximum. Also, if all of the eigenvalues of the Hessian matrix are positive at a critical
point, then that point is a minimum. And if the Hessian matrix has a mix of positive and negative values,
we have a saddle point (we will talk about these later).

If you don’t know what an eigenvalue is, that’s ok. They are special values associated with a square
matrix. Our second derivative test (for functions of two variables) will determine what type of eigenvalues
we have (positive or negative) without actually computing them. However, to have a second derivative test
for functions of more than two variables we would have to learn how to compute eigenvalues (which we won’t
do in this class).

Example: Let’s find the quadratic approximation of f(z,y) = 2%y + 2%y® + 2z at (x,y) = (2, —1).

We need to compute the first and second partials and then plug in (z,y) = (2,—1). Maybe we should
make a table to keep track of all of this stuff.

f(z,y) = 2%y + 22> + 22 f(2,-1)=—-4
fo(z,y) =22y + 22> + 2 f.(2,-1)=—6 | f,(z,y) = 2%+ 32?%y? fy(2,-1) =16
fou(z,y) = 2y + 293 fox(2,=1) = =4 | fay(z,y) =22+ 6zy®  foy(2,-1) =16
fyo(z,y) =20+ 62y®  fa(2,-1) =16 foy(z,y) =622y fyy(2,-1) = —24
Putting this together we get:
Qy) = —4+ (~6)(a —2) + 16y — (~1)) + 5 (~4)(z ~ 2> + 16(z ~ Ay — (~1)) + 5(~24)(y — (~1))?

= —4-6(x—2)+16(y+1)—2(x—2)2+16(x —2)(y + 1) — 12(y + 1)?

In our slick vector/matrix notation this looks like. ..
1 -4 16 | |z —2
Q(z,y) = 74+<76,16>o<z—2,y+1>+§ [m—Q y—i—l} {16 _24} L/"'J
2y + 2% 2z + 6xy?

Notice that since f has continuous second partials, its Hessian is symmetric: Hy = {295 + 6ay? 622y

Example: Let’s find the quadratic approximation of f(z,y,z) = zyz + yesin(2) — 322 at (,y,2) =(2,1,0).
We need to compute the first and second partials and then plug in (x,y, z) = (2,1,0). Let’s make a table.

f(z,y,2) = zyz + ye* — 322 f(2,1,0)=1
foe=yz f2(2,1,0) =0 fy=xz+¢€* [y(2,1,0)=1 | f, =2y +ye*—62z  f,(2,1,0) =3
Joa =0 f22(2,1,0)=0 fyy =0 fuy(2,1,0) =0 fre=ye* —6 f22(2,1,0) = —5
foy=Fpe =2 fy@1L0)=0| from foy=a4e [ 1,0)=3 | foomfu=y  ful21,0)=1

Putting this together we get:
Qzr,y) = 140@—2)+1y—1)+3(z—0)+ %(0)(35 —2)% 4
Oz =2)(y =D +3y—1(z—-0)+1(x=2)(z-0)

)
= 1+(y—1)—|—32—§z2+3(y—1)z—|—(a:—2)z

Oy 1) + 5 (-5)(z 0" +

N —

In our slick vector/matrix notation this looks like. ..

1 0 0 1 T —2
Qz,y) = 1+(0,1,3>-(x—2,y—1,z)+§[x—2 y—1 z] |0 0 3] |y—1
1 3 -5 z
0 z Y
Again, since f has continuous second partials, its Hessian is symmetric: Hy= |z 0 T+ e

y x+e* ye*—6




A Bit About Taylor Polynomials:

The formulas for multivariate Taylor polynomials are quite complicated — or so they seem. If we approach

Taylor polynomials from a operator viewpoint, the multivariate formulas are easy to explain.
k
x
Recall that the MacLaurin series for e” is Z e Some textbooks use this series to define what we mean

k=0
by e*! It is quite surprising how many places the MacLaurin series for e* shows up. For example, if one
% Ak
=l for a square matrix A, you get the matriz exponential which is computed when one
k=0
wants to solve linear systems of differential equations.

defines e? =

k dk
. If we apply this

r=a

o0
)& (z—a)¥
We define a formal series of derivative operators: T &l = E
k=0

to some function f(x), we get...the Taylor series of f(x) based at x = a:
(v—a) 2| — (z — a>k kf / 1., o Lo 3
O Eep) =Y F T G| = M@ @) a3 @) (e g ) o)

k
=0
For a function of 2 variables, f(z, ), we use: [Note: I will drop the evaluation bars. All partials are
evaluated at (z,y) = (a,b).] )
(O OEAONT 11, ) = fa,b)+ (@ - s+ (=D ) [ )]+ (0= a) e+ =)o ) [ )]+
’ ’ Ox Oy ’ 2 oz Oy ’

Let’s examine how to expand the quadratic term.
d a9\
(=g +-05) 1)
0 ) 0 0
= (g + -0y ) (@-ag +w-ng ) [fe)]
2

2
= -0y [fen)] + -0 -by g [fen] + - aw- b5 2 [wn] + -0 [fe)]
= (-T - a)2ffc:c(aa b) + (:C - a)(y - b)fyr(av b) (l‘ - a)( )fmy(avb) ( - b) fyy(av b)

If we assume that the second partials are continuous, this becomes. ..

= (@ = @) fanla,b) + 20 — a)(y — ) oy (@, B) + (y — 1) fy (a,0)

Assuming continuity of third order partials the next few terms of the Taylor series are

31| ((1' - a) fmmx(a b) + 3(1' - a)Q( )fm:y(a b) + 3($ - a)( ) fmyy(a b) ( - b)nyyy(a’ b))

Because we are expanding a binomial of operators, we see binomial coefficients starting to appear.

IfweletV:< 0. 9 88>then(f—c—i)oV=(x1—a1)a+(w2—a2)8+---+(:En—a
T

Oz, dxy 7 Ox, Oy
The Taylor series for f(#) centered at & = @ is e@=®*V[f(Z)].

Exercises: [See the accompanying Maple worksheet for answers.]

For problems 1 — 11, find the linearization and quadratic approximation of f at the given point. Then
write the Hessian matrix of the function.

1. f(x,y) = e**?¥ with (a,b) = (0,0) 2. f(x,y) = 2% + xy? with (a,b) = (2,3)

3. flx,y) = 2%y + zy — 2y with (a,b) = (-1,0) 4. f(z,y) = 222 4 3y* + e with (a,b) = (2,0)
5. f(z,y) = sin(xy) with (a,b) = (3, ) 6. f(z,y) = In(z? +y) with (a,b) = (1,0)

7. f(z,y) = cos(zy) with (a,b) = (v/7,/T) 8. f(z,y,2) = xyz with (a,b,c) = (1,2, 3)

9. f(z,y,2) = 2* + y* + 2* with (a,b,c) = (—1,0,1)  10. f(z,y,2) = 222 + 2y?® + y32% + 292

1. f(w,z,y,2) = w+ 2% + y3 + 2* + w? cos(xy?) with (a,b,c,d) = (0,0,0,0) with (a,b,¢) = (2,1,-2)
12. Let f(x,y) = Ax 4+ By + C with linear and quadratic approximations (based at (z,y) = (a, b)) called
L(z,y) and Q(z,y). Show f(z,y) = L(z,y) = Q(z,y).
What should I expect if f(z,y) = Ax?> + By? + Cay + Dz + Ey + F?
Assume continuity of all partial derivatives (so Clairaut’s theorem applies).
13. Write down the 3*%-order terms for the Taylor polynomial expansion of f(x,y,2) at (z,y,2) = (a,b,c).
14. Write down the 4*P-order terms for the Taylor polynomial expansion of f(x,y) at (z,y) = (a,b).



