
Examples of Centroids

Center of mass for a lamina in the plane:

mass: m =

∫∫
R

ρ dA moments: My =

∫∫
R

xρ dA Mx =

∫∫
R

yρ dA center of mass: (x̄, ȳ) =

(
My

m
,
Mx

m

)

Center of mass for a solid in 3-space:

mass: m =

∫∫∫
E

ρ dV moments: Myz =

∫∫∫
E

xρ dV Mxz =

∫∫∫
E

yρ dV Mxy =

∫∫∫
E

zρ dV

center of mass: (x̄, ȳ, z̄) =

(
Myz

m
,
Mxz

m
,
Mxy

m

)

Here we present a few examples of centroids. Recall that a center of mass of a region with constant density (i.e. ρ = 1)
is called a centroid. In other words, the centroid of a region is its geometric center. First, we have two examples of centroids
in R2. Then we present two examples of centroids of solid regions in R3.

Example: Find the centroid of R = {(x, y) | x2 + y2 ≤ 9 and y ≥ 0}.

m =

∫∫
R

1 dA =
1

2
π32 =

9π

2
.

We see that, by symmetry, x̄ = 0. So we are left to compute ȳ. First, we find the
moment about the x-axis:

Mx =

∫∫
R

y dA =

∫ π

0

∫ 3

0

r sin(θ) · r drdθ =

∫ π

0

sin(θ) dθ

∫ 3

0

r2 dr = 2 · 1

3

[
33 − 0

]
= 18.

Hence ȳ =
18

9π/2
=

4

π
. We conclude that (x̄, ȳ) =

(
0,

4

π

)
is the centroid of R.

Example: Find the centroid of R = {(x, y) | x2 + y2 ≤ 9 and x, y ≥ 0}.

m =

∫∫
R

1 dA =
1

4
π32 =

9

4
π.

My =

∫∫
R

x dA =

∫ π/2

0

∫ 3

0

r cos(θ)·r drdθ =

∫ π/2

0

cos(θ) dθ

∫ 3

0

r2 dr = 1·1
3

[
33 − 0

]
= 9.

And so, we have that x̄ =
9

9π/4
=

4

π
. Notice that, by symmetry, we have x̄ = ȳ and

hence we may conclude that (x̄, ȳ) =

(
4

π
,

4

π

)
is the centroid of R.
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Example: Find the centroid of the solid cone E = {(x, y, z) |
√
x2 + y2 ≤ z ≤ 2}.

m =

∫∫∫
E

1 dV =

∫ 2π

0

∫ 2

0

∫ 2

r

r dzdrdθ =

∫ 2π

0

dθ ·
∫ 2

0

∫ 2

r

dzdr = 2π

∫ 2

0

rz

∣∣∣∣2
r

dr

= 2π

∫ 2

0

2r − r2 dr = 2π

[
r2 − 1

3
r3
] ∣∣∣∣2

0

= 2π

[
4− 8

3

]
=

8

3
π.

Mz=0 = Mxy =

∫∫∫
E

z dV =

∫ 2π

0

∫ 2

0

∫ 2

r

zr dzdrdθ =

∫ 2π

0

dθ ·
∫ 2

0

1

2
z2r

∣∣∣∣2
r

dr

= 2π

∫ 2

0

2r − 1

2
r3dr = 2π

[
r2 − 1

8
r4
] ∣∣∣∣2

0

= 2π[4− 2] = 4π.

z̄ =
4π

8π/3
=

3

2
and notice that x̄ = ȳ = 0 by symmetry so (x̄, ȳ, z̄) =

(
0, 0,

3

2

)
is the centroid of E.

Example: Centroid of the upper-half sphere E = {(x, y, z) | 0 ≤ z ≤
√

4− x2 − y2}.

m =

∫∫∫
E

1 dV =
1

2

[
4

3
π · 23

]
=

16

3
π.

Again, x̄ = ȳ = 0 by symmetry.

Mxy =

∫∫∫
E

z dV =

∫ 2π

0

∫ π/2

0

∫ 2

0

ρ cos(φ)ρ2 sin(φ) dρdφdθ

=

∫ 2π

0

dθ

∫ π/2

0

sin(φ) cos(φ) dφ

∫ 2

0

ρ3 dρ = 2π · 1

2
sin2(φ)

∣∣∣∣π/2
0

· 1

4
[24 − 04] = 4π

So, we have that z̄ =
4π

16π/3
=

3

4
and as a result we conclude that the centroid of E

is (x̄, ȳ, z̄) =

(
0, 0,

3

4

)
.
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