Math 2240 Homework #1 Due: Fri., Sept. 58 2025
Be sure to show your work!

Notes:

e You can copy/paste my sample code into Maple. If you prefer to do computations using different software (like Sage),
that is fine, but make sure you turn in all of your work (including computer code).

e If you end up doing the entire assignment in Maple, feel free to turn in a Maple worksheet (.mw file) instead of a pdf.

e Don’t try to do this stuff in a calculator or by hand.
A calculator is a poor choice since I want exact answers not decimal approximations.

1. Basic matrix operations.

restart;

with(LinearAlgebra):

A = <<1(2131415>,<6]71819110>,<11112113|14]15>,<16|17118119]20>,<21]22|23]24|25>>;
B := <<1,0,1,0,1>|<0,-1,0,-1,0>]<1,1,1,1,1>|<-1,-1,-1,-1,-1><5,4,3,2,1>>;

This will result in. ..

1 2 3 4 5 1 0 1 -1 5
6 7 8 9 10 0 -1 1 -1 4
A= |11 12 13 14 15 and B:=(1 0 1 -1 3
16 17 18 19 20 0O -1 1 -1 2
21 22 23 25 25 1 0 1 -1 1
Notice that in Maple, matrices are either entered row by row or column by column.
The “” (on the keyboard a pipe is shift \) moves over a column and “” (comma) moves down a row.
—2 T . . . .
(a) Compute (AB)® ((615 — B) ) where I5 is the 5 x 5 identity matrix.
(b) Compute the reduced row echelon form of B.
2. Consider the follow linear system:
-3z 4+ x3 + x4 — 225 = -1
2r1 + To + 23 + x4 + x5 = 0
T + 3x3 + r5 = 6
4dro + 2x3 — x4 + 4dx5 = =5
—2xr7 + To + T3 — T4 + 2x5 = 2

Here’s code for creating a vector x of variables
('l include the code to wipe memory and load the linear algebra package as well):

restart;
with(LinearAlgebra):
X := <x[1],x[2],x[3],x[4],x[5]>;

Note that my vector of variables is a capital X whereas the variables themselves are lowercase x’s. If we are doing this in

Maple, we can define our coefficient matrix A by “A := < stuff >;” and constant term by “b := < stuff >;”. Then the

command “A.X=b;” would display the system.

(a) Create an augmented matrix [A : b], find its RREF (use software not by hand), and read off the system’s solution.
Note: As long as sizes are compatible, Maple can create a new matrix block-by-block from old matrices. For example,

“<A|B>” slaps B next to A and “<A,B>” puts B below A. We would want “<A|b>;” for our system.

(b) It turns out that A is invertible. Find A=!. Then use the inverse to once again solve our system: Ax = b.



3. Balancing Chemical Equations. We begin with an example:

The amount of various substances created or consumed by chemical reactions can be determined by solving linear systems.
For example, when propane gas burns, the propane (C3Hg = 3 carbon and 8 hydrogen atoms) combines with oxygen (O2 =
2 oxygen atoms) to form carbon dioxide (CO5 = 1 carbon and 2 oxygen atoms) and water (H2O = 2 hydrogen and 1 oxygen
atoms). The number of propane and oxygen molecules going in must be comprised of the same number of various types of
atoms as the carbon dioxide and water coming out of this reaction.

Let 7 be the number of propane molecules, zo the number of oxygen molecules, z3 the number of carbon dioxide
molecules, and z4 the number of water molecules. We write this reaction as (z1)C3Hg + (22)02 — (23)CO2 + (24)H2O.
Focusing on the carbon, we have 3z; + Ozs carbon atoms going in and lxs 4+ Ox4 carbon atoms coming out of this process.
Looking at hydrogen, we have 8x1 + Ox2 atoms in and Oxs + 2x4 atoms out. Finally, considering oxygen, we have 0x; + 222
atoms in and 2z3 + lzg atoms out. In this chemical reaction, atoms are neither created nor destroyed, so we must have:
3z1 4+ 0xe = lxg+0xy4, 81 +0xy = O0x3+ 224, and 0x1 + 229 = 2x3 + 1lx,4. Translating into standard form then an augmented

matrix, we have:

30 -1 0 : 0 1 00 -1/4 : 0

8 0 0 -2 : 0|~|0 1 0 =5/4 : 0

02 -2 -1 : 0 0 01 =3/4 :0

The RREF reveals: z1 — %m =0, 20— 2334 =0, and x3— %334 = 0. Thus z4 = t is free with ;1 = %t To = %t, and r3 = %t.

While there are infinitely many solutions to this system, only solutions consisting of non-negative integers make sense (we
need whole number quantities of molecules). Also, we will follow the convention of choosing the minimal non-trivial solution
(i.e., the solution consisting of positive integers). In particular, ¢ = 4 does just this giving 1 = 1, 2o = 5, 23 = 3, and x4 = 4.
In other words, in this reaction, for every propane molecule paired with five oxygen molecules going in, our reaction outputs
three carbon diozide and four water molecules. We write: ‘ C3Hg + 505 — 3C 0y + 4H50

Problem: As in the example above, balance the following chemical equation:

77M’I’LS+77ASQCT10035+?7HQSO4 —)7?HM’H,O4+?7ASH3+??C’I“53012+?7H20

Note: Mn is manganese, S is sulfur, As is arsenic, Cr is chromium, O is oxygen, and H is hydrogen. For example,
HMnQy is permanganic acid. A molecule of this acid consists of one hydrogen, one manganese, and four oxygen atoms.

Write down equations, put them in standard form, translate to a matrix, find its RREF, write down the general solution,
and then find the minimum positive integer solution and record the balanced equation. Show this work!

4. Traffic Flow.

Consider the diagram to the right. This represents traffic flowing in
and out of several intersections (labeled A, B, C, and D). Suppose
that our numbers represent cars per minute. We must have the
same number of cars entering and exiting our intersections at any
particular moment of time. For example: At intersection B we
must have 200 = x1 + x5 since we have 200 cars per minute flowing
in with z; cars per minute heading toward intersection A and z-
cars per minute heading toward intersection C.
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(a) Write down a system of equations describing the flow of traffic. Put this system into standard form and translate to an
augmented matrix. Then solve this system and write down a general solution.

(b) Suppose the road from intersection A to intersection D is closed. Specialize the general solution to this situation. In this
case, what is the minimum possible x; value?

Note: We assume that the traffic must flow in the direction indicated by the arrow in each diagram. In other words, in
a valid solution, the variables should not take on negative values.



