Math 4010/5530 Homework #4 Due: Wed., Oct. 4, 2017

Unless otherwise specified, V is a vector space and L is a Lie algebra over a field F.

#1 Centrally Direct Let L; and Ly be subalgebras of L where L = L1 @ Lo (a Lie algebra direct sum). Prove
that Z(L) = Z(L1) @ Z(Ls).

#2 Directly Central Let L be a Lie algebra and I < L. Next, let J =Cp(I) ={x € L|[z,y] =0forally € I}
(i.e. J is the centralizer of I in L). Note: From a previous homework we know that J = CL(I) < L since I is
an ideal.

(a) Suppose that all derivations of I are inner (i.e. if 9 : I — I is a derivation, then there exists some x € T
such that 0 = ad;). Show that L =T + J.

(b) If in addition, Z(I) = {0}, show that L = I & J.

#3 Derived Question Recall that L+ = [L®*) L] and L(®) = L. Let ¢ : L; — Ly be an epimorphism. Show
that (L) = L& for all k.

#4 Adjoint Representation Recall that ad : L — gl(L) is defined by ad(x) = ad, where ad,(y) = [z,y] for all
x,y € L. We already know that ad, € gl(L) for all z € L (i.e. ad, is a linear operator). Show that ad is a

L
homomorphism. Then show that /Z (L) ad(L).



