Weird Example Space of Continuous Functions Linear Algebra

Note: This example is less about linear algebra and more about cardinal numbers. Don’t take it too seriously.

Theorem: | The dimension of the space of continuous function is continuum.

Proof: First, some notation. Let C = C" = C(R) = {f : R — R | f is continuous} be the set of continuous functions
(from the real numbers to themselves). This is a vector space over R since adding and scaling continuous functions
yields continuous functions. Next, let C* = C*(R) = {f : R — R | f(*) exists and is continuous}. This is the space of
k-times continuously differentiable functions. Also, let C*° = C®(R) = {f : R — R | f(*) exists for all k > 0}. This
is the space of smooth functions.

By definition, f**+1 (the (k4 1)%* derivative of f) exists only if f(¥) (the k*® derivative of f) exists. Moreover,
a basic result from Calculus tells us that differentiable functions must be continuous functions. In particular, if
f+D exists, by definition f*) is differentiable and thus must be continuous. Therefore, for any positive integer k,
C® C...CCFC...CCCC(=0C). These are non-empty since the constant function 0 is smooth (and thus
belongs to all of these sets). In addition, if f(*) and g(*) are continuous, then (f + ¢)*) and cf®*) (for any c € R)
are continuous as well. Therefore, these sets are (nested) subspaces of the space of all functions from the reals to the
reals.

Now we consider cardinalities. We denote countable infinity by R¢ and continuum infinity by ¢ = 2%, A basic
result from analysis says the rational numbers, Q, are dense in the reals, R. Another basic result tells us that a
continuous function is determined by its values on any dense subset of its domain. Thus continuous functions are
determined by their rational inputs. Therefore, there are at most |{f : Q — R}| = |R|I@ = (2%0)Ro = 2%oRo — 980 — ¢
(i.e., continuum cardinality) continuous functions. On the other hand, constant functions: f(t) = ¢ for any fixed
¢ € R are infinitely differentiable (e.g., f*)(t) = 0 for k > 0), so that there are at least |R| = ¢ smooth functions.
This means ¢ < [C®°| < -+ < |CF| < --- <|C| < ¢. Therefore, all of the above spaces (i.e., C, C*, C* for k = 1,2,...)
have cardinality ¢. Since vector spaces span themselves and every spanning set contains a basis: dim(V) < |V/|. In
particular, the dimensions of these spaces are bounded above by their cardinality (i.e., c).

Finally, consider distinct real numbers r1,...,7, € R and let f;(t) = et for i = 1,...,£. Obviously, f; € C*®. In
fact, fi(k)(t) = rkerit. Suppose ¢1f1 + -+ + cofe = 0. Then lel(k) + C(fz(k) = 0 for any non-negative integer k.
Evaluating at t = 0, we get c;r¥e™? ... + cwfe“o =0 and thus ¢;7¥ +--- + c@rf = 0. In particular, using the first
k equations, we have:
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The above coefficient matrix is called a Vandermonde matrix. It is well known that its determinant is [] (r; —7;) # 0.
i<j
Since our coefficient matrix is non-singular, the only solution to this system is the trivial solution: ¢; = co = --+ =
¢¢ = 0. Consequently our functions are linearly independent.

We have shown that S = {e"? | r € R} is a linearly independent set of smooth functions. Since linearly independent
sets can be extended to bases, ¢ = |S| < dim(C*®) < --- < dim(C*) < --- < dim(C). However, we already know these
dimensions are bounded above by ¢. Therefore, dim(C*>) = dim(C*) = dim(C) = ¢ (i.e., all of the function spaces
under consideration are continuum-dimensional vector spaces over the real numbers). l

Analytic Functions: If welet C¥ = {f : R — R | f is analytic } denote all real analytic functions (these are functions
which can be expanded into Taylor series). Then one easily checks that C¥ is a subspace of C*°. Since the constant
functions are analytic and e is analytic for any 7 € R, the argument above shows that dim(C*) = ¢ as well. In
other words, the space of power series (= real analytic functions) is continuum dimensional. On the other hand,
{1,t,#2,...} forms a basis for real polynomial functions so that it is only countable (i.e., Ry) dimensional.



Weird Example Rational Functions Linear Algebra

Note: Like the previous page, this example is weird in terms of our usual undertakings. Don’t take it too seriously.

Let F be a field. Recall that F[t] = {a,t" +---+ait+ao|n >0} ag,...,a, € F} is the set of all polynomials in
indeterminate ¢ with coefficients in F. This collection has the structure of a (commutative associative unital) algebra
(over IF). Essentially this means one can add, scale (by F), and multiply these polynomials. In terms of ring theory,
F[t] is quite a nice of ring. It is a Euclidean domain (we can divide with remainder and the extended Euclidean
algorithm works). This implies it is also a principal ideal domain (PID) and thus a unique factorization domain
(UFD). Ignoring polynomial multiplication, F[¢] is an infinite dimensional vector space over F with standard basis

= {1,t,#2,...}. This means dim(F[t]) = Xy (i.e., it is countably infinite dimensional).

Given an integral domain (a commutative ring where cancellation works), one can formally construct its field of
fractions. For polynomials F[t], this would be F(¢) = {f(¢)/g(t) | f(t),g(t) € F[t] and g(¢t) # 0}. This ring F(¢) is
called the field of rational functions with coefficients in F. Just like F[¢t], F(¢) is a (commutative associative unital)
algebra (over F). While it is (just like F[t]) a Euclidean domain, PID, UFD, and vector space (over F), it is even
nicer. F(t) is a field. We ask, what is dim(F(¢) (when working over F)?

Let us sketch out how this works over a general field and then specialize to when F is the real or complex numbers.
We recall f(t) € F[t] is monic if its leading coefficient is 1, and f(t) is irreducible if f(t) is non-constant and has no
non-trivial factorizations (i.e., f(t) = g(¢)h(¢) implies g(¢) or h(t) is constant). Because F[t] is a unique factorization
domain, every non-constant polynomial can be factored uniquely (up to order and associates) into irreducibles.

Consider % € F(t). Suppose g(t) = a(t)b(t) where a(t),b(t) € F[t] are relatively prime. By the extended Eu-

clidean algorithm, there exists m(t), n(t) € F[t] such that m(t)a(t) +n(¢)b(¢) = 1. Thus % f(t)(m('gélt()t)(+)"(t)b(t))
fOm@) 4 f(On)
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. From this we learn if g(t) = py(t)* - - - ps(t)** where p;(t) are non-associate (i.e., distinct and thus

relatively prime) irreducibles and k; > 0, then we can find hy(t),. .., he(t) € F[t] such that fég = (t(),gl +eet p';ft()t,zl .
®)

Focus on a factor ph( 77+ Because F[t] is a Euclidean domain, we have a division algorithm and can divide h(t) by
p(t). We have unique ¢(t),r(t) € F[t] such that h(t) = p(t)q(t) + r(t) with r(t) = 0 or deg(r(t)) < deg(p(t)). Thus

ph(g)k = p(z)(,?,l p’&gt))k. Continuing in this fashion, we can write ph(g)k = q(t) + ’;((tt)) + ;’a(;g 4ot ;’(»t()tg where
q(t),r1(t),...,ri(t) € F[t] and each r;(t) is either 0 or has degree at most deg(p(t)). Putting all of this together,

Et) =q(t )+ PO ZJ 1 ;”SJ for some q(t),r;;(t) € F[t] where r;;(¢t) = 0 or deg(r;;(t)) < deg(p;(t)) for all 7, .

The boxed in equation is called the partial fraction decomposition of u ( )

It can be shown (see [BC|) this decomposition is unique. Thus if we let Z = {p(t) € F[t] | p(t) monic irreducible},

then we have . s
B={t"|k e€Z>o}U {
L oL
is a basis for F(t). One can show (roughly because finite subsets of an infinite set have the same cardinality as that
set) the cardinality of F[¢] is Ng - |F| (which is |F| if for infinite fields and X, for finite fields). Note Z contains linear
monics: x — ¢ for each ¢ € F, so |Z| > |F|. Also, it can be shown that finite fields have irreducibles of all positive
degrees, thus |Z| must always be infinite. Therefore, |Z| > Nq - |F|. Next, since Z C FJt], we have its cardinality is at
most |F[t]] = Ro - |F|, so |Z| = Ng - |F|. Consider S = {(k,£) € Z>¢ X Z=¢ | k < £}. This set has at least |Z>o| = N
elements and at most |Z>g X Zsg| = Ng - Rg = Vg elements, so |S| = Xy. Putting this together,
18] = {t* [ k € Zo}| +|Z] - |S| = Ro + (Ro - [F[) - Ro = Ro - |F|
The dimension of the space of rational functions with coefficients in a field F thought of as a vector
space over F is dim(F(t)) = N - |[F| (i.e., Xq for finite fields and |F| otherwise).
In particular, g = {1}U{tk @ 1,);“ (t2+b];§+c)k’ (t2+btt+c)k < 46} is a basis for R(¢)

and dim(R(¢)) = |R| =¢. And g = {1}U{tk, = L P ’ k€ Zsoand z € (C} is a basis for C(¢) and dim(C(¢t)) = |C| = c.

p(t) € T and k,ﬁethereOSk<€}
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