Math 1120 Test #3 — ANSWER KEY April 37, 2009

1. (24 points) Taylor Polynomials

(a)

Let f(x) = In(x). Find the 2"-order Taylor polynomial, P (z), for f(x) centered at xo = 1.

To find the Taylor polynomial centered at zo = 1, we need to find the value of the 0", 15¢ and
274 derivatives of f(x) at = 1. 1 will compute the 37¢ derivtive as well since we’ll need it for
the next part of the problem.

F= [ 79 = jO0=
0 In(x) In(1) =0
1 [1/z=2""T 1 T=1
2 —z~? —(17%)=-1
3 2273 not needed

Answer: Py(z) = 0 z—1)° +%(gc—1) +71(x—1) (:U—l)—%(av—l)2

Ol ( 21
Find the maximum error |f(x) — Pa(z)| allowed by Taylor’s error estimate if 1 < a < 2.

To apply Taylor’s estimate we need to find an upper bound for the (2 + 1)% derivative of f(x) on
the interval I = [1,2]. We just found that f"/(z) = 2273. Notice that this function decreases on
the interval I (if you don’t see why this is true, consider f(z) = —62=% < 0 forall 1 <2 <2
so decreasing). Since f"/(x) decreases, we can just plug in the left endpoint to find its maximum
value and right endpoint to find its minimum value. f”/(2) = 2(273) =1/4 < f"(z) < f"(1) =
2(17%) =2,80 | f"(z)| < Kz =2for 1 <z < 2

1

So Taylor’s estimate says, |f(x) — Py(z)| < —| — 1P = 6\1‘ 1? = g\x — 13 Now |z — 1 is
largest when z is as far away from 1 as posslble On the interval T = [1, 2], this occurs when z = 2
in which case |2 — 1) = 1|3 = 1.

1
Answer: |f(z) — Pa(x)] < 3

~ (—-D)F
Suppose that the MacLaurin polynomial of some function g(z) is Papy1(x) = Q(k Jr) 1352’”'1
k=0
g(k)

Recall that the MacLaurin polynomial of g(z) of order n is given by the formula P, ( Z

so the coefficient of z* times k! will give us ¢g(*)(0). Next, notice that 2k + 1 is always odd So
the coefficient of z'°° must be 0.

Answer: ¢119)(0) =0

To determine g”’(0) we need to look at the coefficient of 23. 2k +1 = 3 when k = 1. So the
1
coefficient of z3 is % = —1/3. Thus ¢"”’(0) = 3! times the coefficient of x3.

Answer: ¢’ (0) = (3!)(=1/3) = —



2. (15 points) Fourier Polynomials

(a) Let f(x) = x. Find the 1°*-order Fourier polynomial for f(z).

(" . . . . . .
® qg = o xdr =0 since z is an odd function and we are integrating over a symmetric
T
—T
interval.

1 s
e a; = f/ z cos(z)dx = 0 since z is an odd function, cos(z) is an even function so that
71— —T

x cos(x) is an odd function and again we are integrating over a symmetric interval.

o b = %/W zsin(z) dz = % <x(—cos(x))|7:ﬂ - /ﬂ — cos(x) d;v> -

1, 1 1
= (=mcos(m) — weos(—7) + (sin(z)|")) = = (27 + (sin(7) — sin(—7))) = = (27 + 0) = 2.
71' ™ T
Answer: ¢;(z) =0+ 0cos(x) + 2sin(z) = 2sin(z).
(b) Suppose the 2"-order Fourier polynomial for g(z) is ga(x) = 1+ 3 cos(x) — 2sin(2z) + 5 cos(2z).
Recall the formulas for the Fourier coefficients and this problem is easy.
Answer: [*_ g(z)dx = 2mao = 27(1) = 27
Answer: [ g(z)cos(2z) dv = may = 57
Answer: [* g(z)sin(z)dz = 7by =0
(Notice that sin(z) does not appear in g2(x), so its coefficient must be 0.)
3. (16 points) An Improper Problem.

2 r>1

(a) Let f(z) = { 0 el Is f(z) a probability distribution? Why or why not?

Notice that f(z) > 0 for all 2. We also need to see if [~ f(z),dz = 1.

b

. 1 1
=lim ——+-=1

00 1 00 b -1
/ f(a:),dx:/ 0da:+/ r~3dx = lim e 2de = lim T—
—co o 1 b—oo b 1

b—oo Jq b—oo —

1

Answer: Yes, f(z) is a probability distribution.

(b) Does fi)oo ze(=*") dx converge? If so, what does it converge to? If not, why not?

0

0 2 0 2 1 2
ze ¥ dr= lim ze ® dr= lim —=e7 "
o a——oo [, a——oco 2

(To integrate use the substitution u = —22.)

Answer: The integral converges to —1/2.



4. (16 points) Converge or Diverge?
Determine whether the following integrals converge or diverge. If they converge, you do not need to
find what they converge to. If you use a comparison test, SHOW YOUR WORK.

(a)

1
In|x .
Does / —H dx converge or diverge?

—1 x

Notice that this integral is improper at « = 0 (because of division by 0). Let’s consider the integral
from 0 to 1 first (the right side of the improper point).

1 1
1 |
/ n 2] dr = lim / n 2] dzr
0 X a—0t a X

(substitue u = In |z| so that du = (1/x)dz and a — Inlal, 1 — In|1| =0.)

0 0

. .1
= lim udu = lim —u
a—0t+ Jin lal a—0t

2

In ‘a‘ a—0t

(since In|0] = —o0)
This part of the integral diverges so the whole integral diverges (we don’t need to consider the
integral from —1 to 0 — although that half of the integral diverges as well).

Answer: This integral diverges.

o0

2

Does / +C7(;S(I) dx converge or diverge?
1 T

2 + cos(x)

Notice that =
T

1
~ — and the integral floo x7° dx converges. So we should suspect that
x

2+ cos(x) . e
————— is always positive since
x

2
+ cos(x) < 3
x® — b

our integral converges too. First, notice that the function

1=2-1<2+cos(z) <24 1=3so0 we can use a comparison test. (we are

trying to overestimate the function since we want a “cap” on our integral).

°° 2 4 cos(z) >3 . b3 . 3 4 k . 3.4 3,._4 3
P < N — - — - — — — - —
/1 g dx /1 o dx bhm @ dx bhm — 1 bhm 4b + 4(1 ) 1

Answer: This integral converges (and is less than or equal to 3/4 by the comparison test).

5. (14 pOintS) The average annual precipitation on Grandfather mountain is about 62 inches with a
standard deviation of about 10 inches. Assume annual precipitation is distributed normally.

(a)

Write down an integral which computes the probability that Grandfather mountain will have
over 77 inches of precipitation (in 1 year). Then convert your integral into an an integral of the
standard normal distribution.

77 = 62 + 15 inches is 15 = 1.5 x 10 inches above the mean which translates to Z = 1.5 standard
deviations above the mean.

o 1 _ (@622 <1 22
———e¢ 2102 dx = / e 2 dx
77 V2w - 10




(b) Write down an integral which computes the probability that Grandfather mountain will have
between 52 and 82 inches of precipitation (in 1 year). Then convert your integral into an an
integral of the standard normal distribution.

52 = 62 — 10 inches is —10 = —1 x 10 inches below the mean which translates to Z = —1 standard
deviations. 82 = 62 + 20 inches is 20 = 2 x 10 inches above the mean which translates to Z = 2
standard deviations.

82 1 _ (w=62)? 2 o2
/ ————e 2102 dx = / ——e 2 dx
52 V2m-10 ~1V2m

6. (15 points) Write the first 3 terms of each of the following sequences. If the sequence
converges, explain why it converges and find its limit. If the sequence diverges, explain why it does
not converge.

(a) {cos(e*k)}ljil = {cos(e™ 1), cos(e?),cos(e®),...}

Notice that e ™% — e7>° = 0 as k — oco. So cos(e™*) — cos(0) = 1. Thus this sequence converges
to 1.

(b) {(‘Wk’f‘”}w _ {HVS DRI EDNCIVCE 1>!,,,,} _ {_1,;,_;,...}

(Recall (1 —1)! =0! = 1.) Notice that (=D k- 1)! = (D -t (-1)*

i Fh—10 & —0as k — oo.

So our sequence converges to 0.

o {1, ) om ) n() )

Notice that 1/k — 0 as k — oo so In(1/k) — In(0) = —oco. So this sequence diverges (to —o0).



