Math 2130-101 Test #1 September 20", 2013
Name: ANSWER KEY Be sure to show your work!

1. (18 points) Vector Basics
(a) Find the volume of the parallelepiped spanned by u = (1,2, —1), v =(1,0,1), and w = (-1, 2, 2).

i j Kk
1 2 -1 = u
10 1 - v — (uxv)ew=(2,-2,-2)e(-1,2,2)=-10 =  Volume =[10]
2 —2 —2 =
OR : j I uxv
1 0 1 = v
v 1 9 9 —  w — e (vxw)=(1,2—1)e(—2,-32) = —10 —  Volume =[10]
OR -2 -3 2 = VXWwW
u 1 2 -1
0 1 11 1 0
va: _11 (2) ; 1‘2 2‘2‘_1 2‘1’_1 2‘1(2)2(3)1(2)10 —  Volume =[10]

(b) Find the angle between u = (3,2,1) and w = (0,1, 1) (don’t worry about evaluating inverse trig. functions).

wew = 3(0)+2(1)+1(1) = 3
[ul = V32422412 = /14 - 0 = arccos (3) = | arccos (3)
V14v2 2V7
w = V02+12+12 = 2
Is this angle...  right, , or obtuse ? (Circle your answer.) [Because uew > 0.]

(¢) Fill in the blanks...

|a X b| computes the __area  of the parallelogram  spanned by a and b.

|a- (b x ¢)| computes the _ volume  of the parallelepiped  spanned by a, b, and c.

(d) The vectors a and b are shown below. They are based a the point X. Sketch the vector 1.5b based at the point P and
sketch the vector b — a based at the point Q.
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2. (9 points) Let ¢, be parametrized by ri(t) = (1,0,—1) + (1,2, —1)t and £y by ro(t) = (1,—4,1) + (=2, —4,2)t.
Determine if ¢; and ¢y are. . . (circle the correct answer)

the same, |parallel| (but not the same),  intersecting, or skew.

First, notice that —2r}(¢t) = —2(1,2,—1) = (=2, —4,2) = r}(t), so these lines have parallel direction vectors. Thus our
lines are either parallel or the same.

Let’s see if they intersect: ri(t) = ra(s) so that 1+t =1—2s, 2t = —4 —4s, and —1 — ¢t = 1 + 2s. Using the second
equation, ¢ = —2 — 2s. Plugging this into the first equation gives us 1 + (—2 — 2s) = 1 — 2s so that —1 = 1. Since —1 # 1,
this is an inconsistent system and there is no solution. These lines do not intersect, so they are distinct parallel lines.

3. (14 points) Plane old geometry.
(a) Find the (scalar) equation of the plane through the points A = (2,2,1), B = (3,2,1), and C = (4,3, —1).

i j k
10 0 = B-A = AB

91 9 — O_A — 4D = 0z-2)420y—-2)+1z-1)=0 —
02 1 = n

Here we found 2 vectors parallel to the plane (i.e. AB and A_C'), found their cross product to get a normal, and then fit
the plane through one of the points (i.e. A).



(b) Find the area of the triangle AABC (the triangle with vertices A, B, and C).

We already found vectors AB and AC which span a parallelogram whose area is twice that of AABC. In fact, this

parallelogram’s area is |[AB x AC| = |n| = |(0,2,1)| = v/5. Therefore, the area of AABC is ? .

4. (7 points) Find a formula for the curvature of y = sin(z).

/" () __ |sin(@)]
L+ (f(2))?)32 (14 cos(x))?/?

Use the special formula for curvature of a graph in R2: k(z) =

5. (18 points) Let C be the right half of the circle 22 + 32 = 4.

(a) Parameterize C' and find a parameterization for the line tangent to C' at (v/2,v/2).

We parameterize the circle using r(t) = (2 cos(t), 2sin(¢)). To get the right-half of the circle we restrict ¢ to —7/2 <t <
/2. Of course, there are many other possible (correct) answers.

Next, r/(t) = (—2sin(t),2cos(t)). Notice that r(t) = (v/2,v/2) implies that 2 cos(t) = v/2 and 2sin(t) = /2. Therefore, at
this point r'(t) = (—v/2,v/2). Alternatively, we could note that cos(t) = —= and sin(t) = —= means ¢t = 7/4. Therefore,

V2 V2
v/(n/4) = (—2sin(r/4),2cos(n/4)) = (-2-% 2%) = (—/2,V/2). Therefore, the tangent line is parameterized by

V2’
L(t) = (V2,V2) + (—V2,V2)t.
(b) Find the centroid of C.

m = fC 1ds = arc length of half a circle of radius 2 = 27 and § = 0 (by symmetry). We need to compute M, = fc xds.

First, we need ds = |v/(t)|dt = \/4sin2(t) +4cos?(t)dt = 2dt. So M, = fl/jQQcos(t) -2dt = 4]1:/32 cos(t) dt = 8.
Therefore, T = M, = 8 = é (z,9) = (4,0>
m 2r  w m
6. (10 points) Find the curvature of the curve parameterized by r(t) = (e*, 2 + 1,sin(t)).
[Don’t try to simplify your answer.]
We should use the formula for curvature with the cross product.
i J k
et 2t cos(t) = r'(t)
X et 2 —sin(t) = r’(t)
—2tsin(t) — 2cos(t) e'sin(t) + et cos(t) 2et —2tet = r'(t) x (1)
a(t) = /() x v ()] \/(—2tsin(t) — 2cos(t))? + (e’ sin(t) + e cos(t))? + (2e! — 2tet)?
PR (€2t + 412 + cos?(t))3/2
7. (12 points) Find the TNB-frame for r(t) = (cos(t),,sin(t)).
/
1
r'(t) = (=sin(t), 1,cos(t)) = |v'(t)] = \/sinz(t) +124cos2(t) =V2 = T(t)= |;,Eg| = 7<— sin(t), 1, cos(t))
T (t) = L<fcos(t) 0,—sin(t)) = [|T'(t)|= L\/cos?(t) + 02 +sin?(t) = 1
V2 o V2 V2
1
T /3
— N@) = W VB 64,0, — sin(t)) = (— cos(t), 0, — sin(t))
T %
i i K
f% sin(t) % % cos(t) = T(t) ] .
X —cos(?) 0 “sin(t) = N () = B()=T({) xN(() = ﬁ<_ sin(t), —1, cos(t))
—% sin(t) —% % cos(t) = T(t) x N(t)



8. (12 points) No numbers here. Choose ONE of the following:
I. Suppose that a and b are both orthogonal to c. Show that 2a — b is orthogonal to c.

Since a and b are orthogonal to ¢, aec =0 and bec = 0. Therefore, (2a—b)ec = (2a)ec—bec =2(aec)— (bec) =
2(0) — 0 =0. So 2a — b is orthogonal to c.

II. Prove Lagrange’s identity: |a x b|? = |a|?|b|? — (aeb)?.

Doing this using components is a nightmare. Instead let’s use the geometric formulas we found in class. Let 6 be the
angle between a and b. |ax b|? = |a|?|b|?sin?() = |a|?|b|?(1 —cos?(#)) = |a|?|b|? —|a|?|b|? cos?(#) = |a|?|b|?> — (aeb)?.



Math 2130-102 Test #1 September 20", 2013
Name: ANSWER KEY Be sure to show your work!

1. (18 points) Vector Basics
(a) Find the volume of the parallelepiped spanned by u = (2,0, —1), v =(1,1,2), and w = (1,2, 1).
Just like section 101’s #1(a). Answer: Volume =

(b) Find the angle between u = (—1,2,1) and w = (3,0,1) (don’t worry about evaluating inverse trig. functions).

-2 -1
Just like section 101’s #1(b). Answer: 6 = arccos = |arccos [ —
#1(b) (\/6\/10) (\/15)

Is this angle...  right, acute, or ? (Circle your answer.) [Because uew < 0.

(c) Fill in the blanks...

|a x b| computes the __area  of the parallelogram  spanned by a and b.

|a- (b x ¢)| computes the _ volume  of the parallelepiped  spanned by a, b, and c.

(d) The vectors a and b are shown below. They are based a the point X. Sketch the vector 1.5a based at the point P and
sketch the vector a — b based at the point Q.

—
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-
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2. (9 points) Let ¢; be parametrized by ri(t) = (1,0, —1) + (1,2, —1)t and €5 by ro(t) = (1,4,1) + (1, —2, 2)t. Determine

if /1 and {5 are. .. (circle the correct answer)
the same, parallel (but not the same),  intersecting, or |skew|
First, notice that r} (¢) = (1,2, —1) is not a scalar multiple of r}(¢) = (1, —2,2), so these lines do not have parallel direction

vectors. Thus our lines are either intersecting or skew.

Let’s see if they intersect: r1(t) = ro(s) so that 1+¢=1+s, 2t =4 —2s, and —1 —t = 1+ 2s. The first equation gives us
t = s. Plugging this into the second equation, we get 2t = 4 — 2t so that 4t =4 so t = 1. Thus s =t = 1. Plugging this into
the third equation yields —1 —1 =1+ 2 so —2 = 3. Since —2 # 3, this is an inconsistent system and there is no solution.
These lines do not intersect, so they are distinct skew lines.

3. (14 points) Plane old geometry.
(a) Find the (scalar) equation of the plane through the points A = (1,2,2), B = (2,2,4), and C = (—1,3,3).

i j k
1 0 2 = B—A = AB

- —2(x—1)=5(y—2)+1(2—2) = o _ — 1
-2 -5 1 = n

Here we found 2 vectors parallel to the plane (i.e. AB and A_C), found their cross product to get a normal, and then fit
the plane through one of the points (i.e. A).

(b) Find the area of the triangle AABC' (the triangle with vertices A, B, and C).

We already found vectors AB and AC which span a parallelogram whose area is twice that of AABC. In fact, this

- - v30
parallelogram’s area is |[AB x AC| = |n| = [(—2, —5,1}| = +/30. Therefore, the area of AABC is |




4. (7 points) Find a formula for the curvature of y = 3.
|f"(x) _ __ |6a]

Use the special formula for curvature of a graph in R?: k(z) = 0T (7 ))|2)3/2 = 0192972
x x

5. (18 points) Let C be the bottom half of the circle 2 + y? = 4.
(a) Parameterize C' and find a parameterization for the line tangent to C at (v/2, —v/2).

We parameterize the circle using r(t) = (2 cos(t),2sin(t)). To get the bottom of the circle we restrict ¢ to # < t < 27.
Of course, there are many other possible (correct) answers.

Next, r'(t) = (—2sin(t),2cos(t)). Notice that r(t) = (v/2,—+/2) implies that 2cos(t) = V2 and 2sin(t) = —v/2.
1
Therefore, at this point r/(t) = (—(—=v/2),v2) = (v/2,v/2). Alternatively, we could note that cos(t) = 7 and sin(t) =
1
-7 means ¢t = 77/4 (equivalent to —m/4). Therefore, r'(7r/4) = (—2sin(77/4),2cos(7n/4)) = (—2\’/—%,2i2> =

(v/2,v/2). Therefore, the tangent line is parameterized by L(t) = (v/2, —v/2) + (v/2,v/2)t.
(b) Find the centroid of C.

m = fc 1ds = arc length of half a circle of radius 2 = 27 and = 0 (by symmetry). We need to compute M, = fc yds.

First, we need ds = |r/(t)|dt = \/4sm t) +4cos?(t)dt = 2dt. So M, = fﬂ%Qsin (t)-2dt = 4f sin(t)dt = —
M, -8 4 4

Therefore, j = —2 =——.|(7,9) = (0, —)
m T

‘m 2T T

6. (10 points) Find the curvature of the curve parameterized by r(t) = (cos(t), e’ + 1,¢2).
[Don’t try to simplify your answer.]
We should use the formula for curvature with the cross product.

i j K
—sin(t) et 2t = '(t)
X —cos(t) et 2 = r’(t)
2¢! — 2tet  2sin(t) — 2tcos(t) —efsin(t) +efcos(t) = r'(t) x v’ (t)
a(t) = v/ () x v’ (¢)| _ V/(2et —2tet)2 + (2sin(t) — 2t cos(t))2 + (—el sin(t) + et cos(t))?
GIE (sin?(t) + e2t 4 4¢2)3/2
7. (12 points) Find the TNB-frame for r(t) = (t,sin(t), cos(t)).
"(t) = 3(t), — sin r'(t)] = 1/1% + cos? sin P 1 cos(t), — sin
¥(0) = (Leost), ~sin(t) = (0] = /12 eost(t) +sin’() = VI = T(t) = (s = {1, cos(t),  sin(t)
T'(t) = %(0, —sin(t), —cos(t))1 = |T'(t)|= ! \/02 + sin?(t) + cos?(t) = %
_ T _ v . _ .
= N(@) = ()] %<0, —sin(t), — cos(t)) = (0, — sin(t), — cos(t))
i j k
% % cos(t) —% sin(t) = T(¢) 1 .
< 0 “sin(t)  —cos(t) = N(t) = B(t) =T(t) x N(t) = —2<—1,cos(t)7 —sin(t))
—% % cos(t) —% sin(t) = T(t) x N(¥)

8. (12 pOintS) No numbers here. Choose ONE of the following:

I. Suppose |r(t)| = ¢ (r(t) has constant length) for all t. Show that r(t) is orthogonal to r'(t).

d d d / / _ / / —
0= 7 [¢®] = 7 [r@®)?] = 7 [r(t)er(t)] =1 (t)er(t) + r(t)er'(t) =2r(t)er'(t) = 1r(t)er'(t)=0

II. Compute (a+ b)e(a x b). Then give a geometric interpretation of your computation.
(a+b)e(axb)=ae(axb)+be(axb)=0+0=0since a and b are orthogonal to a x b. This means that a+ b
is perpendicular to a X b. Another way to approach this problem: (a+ b)e(a x b) = 0 since we have a triple scalar
product of coplanar vectors. We have that a + b, a, and b are coplanar since a + b is a linear combination of a and b.



