Math 2130-101 Test #2 March 14th, 2011

Name: ANSWER KEY Be sure to show your work!
dy F 0z F, 0z F

If F =(C, then -2 = -2 IfF —C. then &£ — _ % gpa &8 = 2w
(z,y) = C, then Tr 7, (z,y,2) = C, then o 7 an a9 T

1. (12 points) Level curves and surfaces.

(a) Match the graph of the surface with its contour map.

flxy) =x"24y"2 Elx.y) =sin(x*y) hix,y)=x"2ty
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Graph A has the equation z = z? + y? so its level curves are x2 + y? = ¢ (circles). Graph B has the
equation z = sin(zy) so its level curves are sin(zy) = ¢ so xy = arcsin(c¢) and thus y = (something)/x which

are hyperbolas. Graph C has the equation z = 22 +y so its level curves are 2 +y = c and thus y = —2% + ¢
(parabolas opening downward).

(b) State the equation for the level surfaces of F(x,y,2) = (z — 1) + (y — 2)% + (2 — 3)%.
What are these surfaces?

—3)2 = C (C some constant). When C' > 0,

The equation for the level surfaces is (x — 1) + (y — 2)% + (
C = 0, we just have the single point (1,2,3) and if

these are spheres of radius v/C' centered at (1,2,3). [If
C < 0, the level surface is empty.]



203 — y3

2. (8 points) Show that the limit lim — ———— does not exist.
(z,y)—(0,0) 2% + Yy
- . 22303
e If we approach the origin along the z-axis (y = 0), we get: ill% B0 = chlir%)2 =2
. .. . 203 -y
e On the other hand, if we approach the origin along the y-axis (x = 0), we get: lim ————— = lim —1 = —1.
y—0 03 + 93 y—0

Since approaching along the z-axis gives 2 and approaching along the y-axis gives —1 (they do not match),
this limit does not exist. [Note: There are many other curves we could have used to establish this result.
Like y = o would give (22% — 23)/(2® + %) = 1/2 and y = 2z gives (223 — 823) /(2 + 8y%) = —2/3 etc.]

3. (12 points) Partials

2
w
(a) Compute ——— where w = x%e¥?

0x0z

ow 9 0w
= yZ d =
a”e’*y and so o~

0z

= 2xyeY?

0z
(b) Suppose that x — z = cos(yz). Compute the implicit derivative —

x
[Hint: Move everything to one side of the equation then use the given formula.]

We have 0 = cos(yz) — x + z so let F(x,y,z) = cos(yz) — x + z, then F(z,y,z) = 0 and we can apply

our formula:
0z F, -1 1

or  F, —sin(yz) -y +1 T 1- ysin(yz)

4. (12 points) Let f(z,y) = zy® + 322 + 1
fac(xvy) = y3 + 6z, fy(xvy) = 393y27 fxac(xvy) =6, fyy($7y) = bxy, fxy(xay) = fyx(xvy) = 3y2

f(0,1) =1
Ja2(0,1) =6 fy(0,1) =0 foy (0,1) = fy2(0,1) =3

(a) Find the linearization of f(x,y) at (z,y) = (0, 1).
L(z,y) = f(0,1) + fo(0,)(z = 0) + £, (0, )(y = 1) = 1 + L(z = 0) + O(y — 1)

Answer: L(z,y)=1+=

(b) Find the quadratic approximation of f(z,y) at (z,y) = (0, 1).

Q(xvy) = f(ov 1) + fz(ov 1)($ - 0) + fy(ov 1)(y - 1) + % (f:rz(ov ]_)(ZC - 0)2 + 2f:1:y(07 1)(:5 - 0)(y - ]-) + fyy(07 1)(y - 1)2)

=1+1(xz—-0)+0(y—1)+ % (6(x —0)> +2(3)(z — 0)(y — 1) + 0(y — 1)?)
Answer: Q(z,y) =1+ 2z + 322 +32(y —1) (which is = 1 — 22 + 322 + 3zy).

5. (8 points) Let w = f(z,y,2), x = g(t), y = h(t), z = £(t). State the chain rule for (2—1:
dw Owdr Owdy OJwdz dw
w_dwar  dwdy  dwis or W _ g W f
dt Oz dt " dydt | 9z dt LA



6.

(8 points) Find the equation of the plane tangent to z?z + 22y + y> = —5 at the point

(z,y,2) =(0,—1,2).

We know that the gradient gives normals to level surfaces. So if F(z,y,2) = 222 + 2%y + 33, then VF =

(222, 2%+ 3y?, 22 +22y). Thus a normal vector for the tangent plane at (0, —1,2) is VF(0, —1,2) = (0,7, —4).

Now we just need to write down the equation of a plane with normal (0,7, —4) which passes through the

point (0, —1,2).

Answer: 0(z —0)+7(y —(-1)) —4(2—2) =0 (or  Ty—4z+15=0)

7.
(a)

(16 points) Directional Derivative.
Compute Dy f(1,2) where f(x,y) = 222+y> and u points in the same direction as the vector v = (1, —1).

First, we must compute the gradient of f: Vf(z,y) = (4x, 3y?). Second, we need a unit vector pointing

in the same direction as v (directional derivatives take unit vectors as arguments): u = |—‘1,|v = % (1,-1).

Duf(1,2) = Vf(1,2)e %u,—n = %(4, 12) e (1,-1) = % = —4V2

I was working on a problem involving a very complicated function g(z,y). In the course of computing
my answer I found that Dy,g(5, —2) = —12. T also found that Vg(5,—2) = (3,4). I know I've made a
mistake. Why?

Remember that the gradient direction maximizes the directional derivative and this maximal value
for the directional derivative is the length of the gradient vector. Also, the negative of the gradient
vector direction minimizes the directional derivative and its minimal value of negative the length of
the gradient. So since the gradient at the point (5, —2) is (3,4), we should have the max value of the
directional derivatives at (5, —2) is [(3,4)| = v/9 + 16 = 5 (occurring in the (3/5,4/5) direction) and the
min value of the directional derivative at (5, —2) is —5 (occurring in the (—3/5, —4/5) direction).

So Dyug(5,—2) must lie between —5 and 5 for all unit vectors u. I must have made a mistake because
—12 is too small!

Quick Answer: Impossible because —12 < —|Vg(5,—-2)] = —|(3,5)] = —5 = minimum value of
directional derivative.

Given the following contour plot. Sketch the gradient vectors at the given points or mark the point with
an “X” if the gradient should be the zero vector.

Q

Remember that gradient vectors are perpendicular to level curves and point in the direction of higher
level curves (“up hill”). P lies on the curve at level 3 and points towards the curve at level 4. @ lies on
the curve at level 5 and points towards the curve at level 6. R seems to be located at a local maximum.
So being a critical point, the gradient at R is the zero vector (no direction points “up hill” here). The
same would happen next to the 1 on the left. That dot represents a local minimum and so the gradient
would be zero (all directions point “up hill” there).



8. (14 points) Consider the function f(z,y) =4 + 2° + y* — 3zy.
(a) Find the critical points of f(z,y). [Hint: There are only 2 critical points.]

Jo =3x? =3y and f, = 3y* — 3x. Soif f, =0 and f, = 0, we get 32> = 3y and 3y> = 3z and so 2* =y
and y? = z. This means that x = y*> = (z%)? =2? and so 2* —z =2(2® - 1) =0 thusz =0 or = = 1.
Ifz=0,theny=22=0%2=0andalso if z =1, then y = 22 =12 = 1.

Answer: The critical points of f(x,y) are (x,y) = (0,0) and (1,1).

(b) Use the “2"d derivative test” to classify these points (Relative min? Relative max? Saddle point?)
foz = 62, fyy =6y, and fry = fyz = —3. Thus D(z,y) = (62)(6y) — (—3)* = 36zy — 9.

e At (0,0) we have D(0,0) = -9 < 0 so (0,0) is a saddle point.
e At (1,1) we have D(1,1) =36 —9 = 27 > 0 and also f;,;(1,1) =6 > 0so (1,1) is a local minimum.

9. (10 pOintS) Set up equations (coming from the Lagrange multiplier method) which allow you to find
the maximum and minimum value of f(z,y) = 42 + y? subject to the constraint 222 + y* = 1.
Do not solve the equations.

The constraint equation is g(z,y) = 1 where g(x,y) = 22? + y2. We need Vf = AVg. This means that
(1222, 2y) = A\(4x,2y). Thus our Lagrange multipliers equations are...

Answer:
o 1222 = 4z

o 2y = 2y\
o 222 412 =1

Let’s solve the equations and “finish” the problem (even though we were told not to do this).
Notice that 2y = 2yA. So either y = 0 or y # 0 and (after canceling 2y’s) A = 1.
If y = 0, then 222 + 0% = 1 and so z = +1/v/2.
On the other hand, if A = 1, then 1222 = 42 and so 322 — x = 0 and thus (3z — 1)z = 0. Thus either
x =0 and so 02 + y? = 1 which means y = +1. Or z = 1/3 and so 2(1/3)? + y* = 1 thus y*> = 7/9 and so
y=+V7/3.
Thus we have 6 solutions: (—1,0), (1,0), (0,1/4/2), (0, —~1/+v/2), (1/3,4/7/3), and (1/3,—/7/3). Let’s plug
them into f and find what the min/max values are.

f(=1,0) = —4, f(1,0) = 4, f(0,1/v2) = f(0,-1/v2) = 1/2, f(1/3,v7/3) = f(1/3,—V7/3) = 4/27 +
7/9 =25/27.

Thus f constrained to 222 + y* = 1 has a max value of 4 (at (z,y) = (1,0)) and a min value of —4 (at
(LU, y) = <_17 0)



