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Infinity and Limits

What is co?

Answer: Really reaIIy blg

1
Consider |lim —.

X—00 X
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Infinity and Limits

Ok. Ifi:O,islzoo?
00 0

Well, almost. . .

You can't divide by zero!
Why?
e Using the existence of zero, negatives, and associativity:
0x = (0 + 0)x = 0x + Oxso 0 = —0x + 0x = —0x + 0x + Ox = Ox.
e If 071 existed, 1 = 0-0"! = 0so that x = 1x = 0x = 0.
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Infinity and Limits

Ok. Ifi:O,islzoo?
00 0

Well, almost. ..

You can't divide by zero!
Why?
e Using the existence of zero, negatives, and associativity:
0x = (0 + 0)x = 0x + Oxso 0 = —0x + 0x = —0x + 0x + Ox = Ox.
e If 07! existed, 1 = 0-07! = Oso that x = 1x = Ox = 0.EVERYTHING IS ZERO!
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Infinity and Limits

Ok. Ifi:O, is1
00 0

= 00?

Well, almost. ..

blg More precisely, [ = = positive blg

Consider
sm aII pOS|t|ve positive small
o1 . o1 .1
So lim — does not exist, but lim — =00 and |lim — = —c0.
x—0 X x—0t X x—0— X
) 1 1
In fact, we might say — = +o00 and — = —o0.

0t 0
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Infinity and Limits

500+ (00)? = 00
e —3.00=—00

e 00— o0 =777
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[More precisely, 0]
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Compactifying the Reals

+o00
— o0
- M o
< : > 00

—0oQ

Negative Reals 0 Positive Reals

One point compactification of the real numbers = A Circle
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Back to Precalculus

—1 1
2 3
3 _ 2
F(x) = 2x3(x — 2)
(x +1)?(x = 1)(x — 3)?
2.33.12 54 54

For x = 3, f(x) ~ 2 = —+ = b4(+00) = +0o0, so “f(3) = 400",

2-(0%)2 ~ 32-0f 0
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For large x, f(x) =~

2x3x2

Cardinality: Infinity as Size

Back to Precalculus

-1 1
2 3
B 2x3(x — 2)?
) = G- D~ 3y
= Q)f =2, 50 “f(L00) = 2"

x2xx2
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Compactifying the Complex Numbers

One point compactification of the complex numbers = The Riemann Sphere
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e The empty set, ) = {}, is the only set with 0 elements.



Infinity as an Extended Real Number Cardinality: Infinity as Size Ordinals: Bringing Order to Infinity

How big is our set?

e {1,2,3}, {999999, —12,0}, {a, b, c}, {©, ®, ®}

1 +«— 999999 +— a +— ©
2+ —12 +—— b +— O
3 +— 0 +—— ¢ +— ®

Cardinality 3: Sets with 3 elements.
e The empty set, ) = {}, is the only set with 0 elements.

e What about N={0,1,2,...}7
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How big is our set?

We say that sets X and Y have the same cardinality if there is an invertible function
between them.

Typically we write something like card(X) = card(Y) or |X| = | Y| to denote this.

For example: 0 0, -1+ 1,12, -2+ 3,2+ 4, ...
Specifically,

2x x>0

f:7Z — N defined by f(X):{—Qx—l x <0

shows that |Z| = |N].
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So N is infinite.
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More precisely, if | X| = |N|, then we say X is countably infinite. We even have a
notation for this: |N| = Xo.
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Infinite and Countable

We say that a set X is infinite if it has the same cardinality as one of its proper subsets.

For example: Consider 2N = {0,2,4,6,...} C N=1{0,1,2,3,... }.

00, 21, 42, 643,
So N is infinite.

More precisely, if | X| = |N|, then we say X is countably infinite. We even have a
notation for this: |N| = Xo.

So N, 2N, and Z are countably infinite.

Essentially, countable sets (countably infinite or finite) are the sets we can list off.
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Infinite and Countable

(-1,2) (0,2) (1,2) (2,2)

(-1,0)  (0,0) | (1,0) [(20)

(_17'1) (Oﬂ_]‘) (17_1) (27_1)
S @ o

72 = 7, x 7 is countable.
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Infinite and Countable

Ordinals: Bringing Order to Infinity

{ { 9
2/3  -1/3 1/3 2/3
[ L 4 L J
1/2 1/2 3/2
o
-1/1 0 0/1 1/1 2/1 3/1
o o  J
[ J L 4 L 4 ] [
2/(-1) | 3/(-1)
\ 4 4 4 4

3/(-2)

Q is countable.
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Uncountable?

In the world of cardinality, countable infinity (i.e., Rg) is the smallest kind of infinity.

Smallest? We say |X| < | Y] if there is a function from Y to X whose range is all of X.1
Also, |X| < |Y]if [X| <|Y]| but |X| # Y.
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Uncountable?

In the world of cardinality, countable infinity (i.e., Rg) is the smallest kind of infinity.

Smallest? We say |X| < | Y] if there is a function from Y to X whose range is all of X.1
Also, |X| < |Y]if [X| <|Y]| but |X| # Y.

The Cantor-Schroder-Bernstein theorem: |X| < [Y] and |Y| < |X| implies | X| = |Y/|.
Let P(X) = {A| Ais a subset of X} be the powerset of X.

Example: P({a, b,c}) = {0,{a}, {b},{c},{a, b},{a,c},{b,c},{a, b, c}}.
Cantor showed that |X| < |P(X)|.

'Except for the empty set. We just declare |§] < |X| for all X.
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Proof: This is easily seen to be true for the empty set. Let X be non-empty.
First, notice that | X| < |P(X)] since we could send {x} to x and all other sets to
some particular xg in X.
Next, suppose we did have a function f : X — P(X) whose range is the entire power
set.Consider,

Trouble = {x € X | x does not belong to f(x)}

We should have some a in X such that f(a) = Trouble.



Cardinality: Infinity as Size

Uncountable?

Theorem: |X| < |P(X)].

Proof: This is easily seen to be true for the empty set. Let X be non-empty.

First, notice that | X| < |P(X)] since we could send {x} to x and all other sets to
some particular xp in X.

Next, suppose we did have a function f : X — P(X) whose range is the entire power
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Uncountable?

Theorem: |X| < |P(X)].

Proof: This is easily seen to be true for the empty set. Let X be non-empty.
First, notice that | X| < |P(X)] since we could send {x} to x and all other sets to
some particular xp in X.
Next, suppose we did have a function f : X — P(X) whose range is the entire power
set.Consider,

Trouble = {x € X | x does not belong to f(x)}

We should have some a in X such that f(a) = Trouble.However, notice that this
cannot be since. ..

a belongs to Trouble exactly when a does not belong to f(a) =Trouble!!!
Thus there is no such function f and we have that |X| # [P(X)|.
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Corollary: There are infinitely many infinite cardinalities!
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Consider a universe 4. Then create
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Uncountable?

Corollary: There are infinitely many infinite cardinalities!

IN| < [P(N)] < [P(P(N))| < [P(P(P(N)))] < ---

A fun game to play — self-referential paradoxes.
Example: There is no set of all sets.
Consider a universe 4. Then create
A = {x € U | x does not belong to x}
Notice that if A € U, then. ..

A belongs to A exactly when A does not belong to Al
Therefore, A cannot belong to our universe U.
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The Real Numbers are Uncountable

Cantor's Diagonalization Argument:  If R were countable, we could list off all the
real numbers. In particular, we could list all numbers x such that 0 < x < 1, say

X1, X2, X3, - - -

Now every real number has a unique decimal expansion if we do not allow trailing 9's
like 0.1239 (= 0.124). Write out such expansions:

X1 = 0.d12 d13 d14 e
5o = 0.duldds du. ..
X3 = 0. d31 d32d34 N

Define y; to be 1 if y; = 0 and y; = djj — 1 otherwise. Then ’y =0.y1)2Yy3... |is a real
number between 0 and 1 that’s missing from our list!
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Cardinal Arithmetic
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Cardinal Arithmetic

*2+43= |{a7 b}‘ + ’{av b, C}‘ = ‘{av b}EJ{a, b, C}‘ = ‘{vav a, b, C}’ =5
In general, define | X| + |Y|=|XUY]|.

e 2% 3=|{a,b}| x |{a. b, c}| = |{a, b} x {a,b.c}]
= [{(a, a),(a,b),(a, ), (b, a), (b, b), (b, c)}| = 6
In general, define | X|-|Y]=|X x Y|.
e 23 = |{f | f is a function from {a, b, c} to {a, b}}| = 8.

In general, define XY to be the set of functions from Y to X
and let | X|IY! = |XxY]|.
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Cardinal Arithmetic

*2+43= |{a7 b}‘ + ’{av b, C}‘ = ‘{av b}EJ{a, b, C}‘ = ‘{vav a, b, C}’ =5
In general, define | X| + |Y|=|XUY]|.

e 2x3=|{a b} x [{a, b, c}| = [{a, b} x {a,b,c}|
=[{(a,a), (a,b),(a, ¢), (b, ), (b, b), (b, c)}| = 6
In general, define | X|-|Y]=|X x Y|.
e 23 = |{f | f is a function from {a, b, c} to {a, b}}| = 8.
In general, define XY to be the set of functions from Y to X

and let | X|IY! = |XxY]|.

One can identify P(X) with characteristic functions from X to {0, 1}, so
[PX)] = [2X] = 2.
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In general, define | X| + |Y|=|XUY]|.

e 2x3=|{a b} x [{a, b, c}| = [{a, b} x {a,b,c}|
=[{(a,a), (a,b),(a, ¢), (b, ), (b, b), (b, c)}| = 6
In general, define | X|-|Y]=|X x Y|.
e 23 = |{f | f is a function from {a, b, c} to {a, b}}| = 8.
In general, define XY to be the set of functions from Y to X

and let | X|IY! = |XxY]|.

One can identify P(X) with characteristic functions from X to {0, 1}, so
IP(X)| = [2X| = 2XLIn fact, ¢ = |R| = |P(N)| = 2Nl = 280 is the continuum.
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Cardinal Arithmetic is Weird

Theorem: Let X and Y be non-empty sets and at least one is infinite. Then. ..

IXI+ 1Y = [X]- Y] = max{|X], [ Y]}

Example: 8o +123 =4-Ng-Ng = (No)looo — N
No+ec=(c)2=c¢
So there are not more points in R2 than there are real numbers!Dimension?

Exponentiation is more complicated. We know Ry < 2% = ¢.But consider. . .

= oRo < 3No < Ngo < (2N0)N0 < (QNO)NO < oNoRo _ oRo _ ¢

Homework: Show ¢ = 280 = X;.
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Cardinal Arithmetic is Weird

Theorem: Let X and Y be non-empty sets and at least one is infinite. Then...
X1+ Y] = 1X]- Y] = max{|X],|Y]}
Example: 8o +123 =4-Ng-Ng = (No)looo — N

Ro+c=(c)?>=c¢
So there are not more points in R? than there are real numbers!Dimension?

Exponentiation is more complicated. We know Ry < 2% = ¢.But consider. . .
¢ = %o <« 3N < Ngo < (2N0)N0 < (QNO)NO < 2RoRo _ oo _
Homework: Show ¢ = 280 = X;.

Just kidding. This is the continuum hypothesis. Godel showed it cannot be disproven
in standard (ZFC) set theory. Cohen proved it cannot be proven either!
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Ordinal vs. Cardinal

We often use ordinals and cardinals interchangeably:

1, 2, 3 vs. 1st, ond 3

There really is only one kind of way to totally order a finite set.

Example: {a, b, c} could be ordered a< b<cora<c<borb<a<cor
b<c<aorc<a<borc<b<a but..

all of these orders go first, second, third.

This is no longer the case for infinite sets!
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We could order the natural numbers in many ways:
e 0,1,2,3,4,---
o .- ,4321
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A well ordering is an ordering where every non-empty subset has a minimum element.
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Total Orders on the Natural Numbers

We could order the natural numbers in many ways:

¢ 0,1,2,3/4,--- [well ordered]

¢ ,43,2,1

o .- ,420,1,3,---

¢ 0,2,4---,1,3,5,---  [well ordered]
©0,1,...,43,2

©234...,0,1 [well ordered]

A well ordering is an ordering where every non-empty subset has a minimum element.

The axiom of choice says that every set can be well ordered. Homework: Well order R.
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Building Ordinals

0=10 1= {0} 2={0,1}
n+1=nU{n}
w=n={01,2...}

n=0
w+1=1{0,1,2,...,w}
w+2={0,1,2,...,w,w+ 1}
e w+w=1{0,1,2,...,w,w+1lw+2,...}

In general, we define the successor of an ordinal number  to be k + 1 = kU {x}.
We also let the (arbitrary union) of an ordinal number be an ordinal number.

Ordinals are well-ordered by set containment.Essentially, the axiom of choice says:
Given any set, there is an invertible function between that set and a (unique) ordinal number.
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Ordinal Arithmetic is Weirder

We can add ordinals (think of tacking on onto the end of the other) as in our examples:
e w+1={0,1,2,...,w}
e w+2={0,1,2,...,w,w+1}
e w+w=410,1,2,...,0,w+1l,w+2,...}
e 2+w={0,1}+{0,1,2,...} =40,1,0,1,2,...} =wsow+2# 24w
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We can multiply ordinals (think of using a lexicographic ordering) to a reversed
cartesian product.

e The set 3 x 2 is ordered:  (0,0) < (0,1) < (1,0) < (1,1) < (2,0) < (2,1)
So as ordinals 2 - 3 = 6 (notice 2 and 3 were switched).

e 2. w is determined by ordering w x 2:
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Ordinals: Bringing Order to Infinity
Ordinal Arithmetic is Weirder

We can multiply ordinals (think of using a lexicographic ordering) to a reversed
cartesian product.

e The set 3 x 2 is ordered:  (0,0) < (0,1) < (1,0) < (1,1) < (2,0) < (2,1)
So as ordinals 2 - 3 = 6 (notice 2 and 3 were switched).
e 2. w is determined by ordering w x 2:
(0,0) < (0,1) < (1,0) < (1,1) < (2,0) < ...
So2 -w=w.
e w -2 is determined by ordering 2 X w:
(0,0) < (0,1) < (0,2) <---<(L0) < (L)< (L,2) < ---
Sow-2=w+w (#2- w).
e w-w is like listing the natural numbers over and over again (countably) infinitely
many times.
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Ordinal Arithmetic is Weirder
We could also define ordinal exponentiation (but we won't).

Another strange calculation:
Ww-2P=w-2) (W2)=w 2w 2=w-w-2=w?2=w?+uw?
On the other hand,
w22 =w? 4=w+ W
which is strictly bigger than w? + w?. Thus (w-2)? # w? - 22.
As one last bizarre example, stated without explanation or proof:
¥ =w

Ordinal arithmetic can be very strange.
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Cardinals as Ordinals

A cardinal number can be realized as an ordinal number.

Given ordinals of a certain cardinality |X|, we define the cardinal number to be the
smallest (in the ordinal ordering) ordinal number with that cardinality.

e |§)] =0and [{a,b,c}| ={0,1,2} =3.

In fact, for any finite set X = {xy,...,x,}, we have |X| ={0,1,...,n—1} = n.
¢ INl=Xg=w=N=1{0,1,2,...}
° |w+w| =Ny
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Questions?!?

Further reading / more details:

e “Crossing Through and Bouncing Off co: Graphing Rational Functions”
with Michael Bossé published in MathAMATYC Educator, Winter Issue 2021, Vol.
12 Number 1.

e “Types of Infinity”
with Michael Bossé published in The Electronic Journal of Mathematics &
Technology, Volume 15 (2021) Number 2 (June).

Both papers are available on my website:

http://BillCookMath.com/papers
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