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In 1965 Bruno Buchberger introduced the notion of a Gröbner

basis as well as his algorithm for computing them. Gröbner

bases are incredibally useful tools for solving all sorts of alge-

braic problems. They are used in a wide variety of applications

in areas such as computational biology and are even used in

encryption schemes for many cell phones.

To indicate how important Buchberger’s algorithm is, this al-

gorithm simulataneously generalizes both the Euclidean algo-

rithm (for finding GCD’s of polynomials) and Gauss-Jordan

elimination (for solving linear systems).



Although Gröbner bases can be discussed in a very general
context, we will primarily stick to polynomials with complex
coefficients in 3 variables: C[x, y, z].

Definition: A monomial ordering on C[x, y, z] is a linear order-
ings (think “less than”) such that if A < B for monomials A

and B, then CA < CB for any monomial C and in addition
1 < A for all monomials A 6= 1.

Two popular monomial orderings are the lexicographic and
total degree orderings.

Lexicographic This is essentially alphabetic ordering:
x2y > xy2 > xyz > xy > x > y2 > z3.

Degree Lex This ordering first considers the total degree and
then defaults to lexicographic ordering:
x2y > xy2 > xyz > z3 > xy > y2 > x.



Multivariate division extends standard single variable polyno-

mial division.

We can reduce f by g to h, written as f →
g

h if f contains a

term which is a multiple of the leading term of g, say mg’s

leading term appears in f , and h = f −mg.

Given a set S of polynomials, we write f →
S

h if f →
g

h for some

g ∈ S.

Finally, we write f→+
S

h if f →
g1

h1 →g2
h2 · · · →g`

h` = h for some

g1, . . . , g` ∈ S and polynomials h1, . . . , h`.

If there is no g ∈ S and polynomial h such that f →
g

h, we say

f is reduced (mod S).



If f reduces to r (mod S), we call r a remainder of division of

f by S.

Definition: A Gröbner basis S is a collection of polynomials

such that division by S yields unique remainders.

Buchberger’s algorithm allows one to take an arbitrary finite

set of polynomials and find an equivalent Gröbner basis. (By

equivalent we mean that they share a common solution set

when treated as polynomial equations.)



Example of division: Let’s divide f = x3y3 + 2y2 by S = {g1 =

2xy2 + 4y2 + 3x, g2 = y2 − 2y − 2}.

• f − 1
2x

2yg1 = −2x2y3 − 3
2x

3y + 2y2 = h1

• h1 + xyg1 = −3
2x

3y + 4xy3 + 3x2y + 2y2 = h2

• h2 − 2yg1 = −3
2x

3y + 3x2y − 8y3 − 6xy + 2y2 = h3

• h3 + 8yg2 = −3
2x

3y + 3x2y − 6xy + 18y2 + 16y = h4

• h4 − 18g2 = −3
2x

3y + 3x2y − 6xy + 52y + 36 = r

Therefore, f →
g1

h1 →g1
h2 →g1

h3 →g2
h4 →g2

r.

So f →+
S

r where r is reduced mod S.



An application: Making change. p5 = n, p10 = d, p25 = q,
p100 = b. Then the Gröbner basis equivalent to S = {p5 −
n, p10 − d, p25 − q, p100 − b} is B = {p5 − n, d − n2, nq − d3, q −
d2n, q4 − b} (using the degree lex ordering).

Then 2 bucks (i.e. dollars), 5 quarters, 2 dimes, 3 nickels, and
8 pennies. Are represented by f = b2q5d2n3p8.

f divided by B is r = b3q2dnp3 which is 3 bucks, 2 quarters,
1 dime, 1 nickel, and 3 pennies (equivalent change with fewer
”coins”).

If we change to pure lexicographic ordering, we get B = {p5−
n, n2 − d, d2n − q, nq − d3, bn − d3q3, d5 − q2, q4 − b}. When f is
divided by this Gröbner basis, we get r = b3qd4p3. This is 3
bucks, 1 quarter, 4 dimes, no nickels, and 3 pennies. Again we
have equivalent change, but we used more ”coins”. However,
we avoided the use of lower denomination coins if possible. In
particular, we have no nickels.



We also discussed Gröbner bases for non-commutative rings
and how these can be used to ”compute proofs” of otherwise
difficult statements.

We also discussed doomsday weapons and our future red-
headed overlords.
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Thank you Cobra Commander!



Any Questions?


